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MORAL HAZARD CONTRACTING AND PRIVATE
CREDIT MARKETS

By IN-UcCK PARK!

This paper studies the impact of credit markets on optimal contracting, when the

I

agent’s “interim preference” over upcoming contracts is private information because
personal financial decisions affect it via the wealth effect. The main result is a se-
vere loss of incentive provision: equilibrium contracts invariably cause the agent to
shirk (i.e., exert minimal effort) if the agent’s private financial decision precedes moral
hazard contracting. The basic intuition is that committing on another private variable,
other than the effort level, exposes the parties to further exploitation of efficient risk-
sharing by relaxing the incentive constraint that was binding ex ante, unless the risk-
sharing was fully efficient to begin with.
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1. INTRODUCTION

THE ESSENCE of an optimal contract in a principal-agent relationship is achiev-
ing efficiency in risk-sharing while providing appropriate performance incen-
tives. The wealth position of the agent is a relevant factor in designing an
efficient contract, because the agent’s attitude towards risk involved in the con-
tracts is influenced by his wealth level. Typically, the agent engages in private
financial activities in between renegotiations of contracts and/or in anticipation
of upcoming contracts, e.g., for intertemporal consumption smoothing. This
intrinsic link between an agent’s financial and production activities creates a
serious obstacle to effective contracting: the principal does not know about
the agent’s wealth level as that evolved endogenously, and consequently, she
cannot know about the agent’s interim preference on subsequent contracts.

In this paper, we study the impact of such an endogenous informational
asymmetry upon contractual relationships. Note that the agent’s interim pref-
erences are no longer common knowledge if the principal does not observe
the agent’s savings. Our main finding is that the disintegration of this common
knowledge almost completely undermines the contract’s capacity to provide
incentives for the agent. Specifically, we show that shirking (i.e., exerting mini-
mal effort) is generically the only possible equilibrium outcome in an extended
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moral hazard model in which the agent privately makes an initial consump-
tion/savings decision prior to standard moral hazard contracting.?

To get the main intuition for this inefficiency result, first observe that for op-
timal intertemporal consumption smoothing, the agent chooses an initial con-
sumption/savings level such that the marginal utility of initial consumption is
equal to the expected marginal utility of future consumption. Since the latter
depends on the prospects of future income, the optimal level of initial con-
sumption varies according to the specific contract that the agent anticipates
and the effort level he plans to exert, because these are the factors that deter-
mine future income prospects.

Ex ante efficiency requires that the incentive constraint binds for an incen-
tive contract designed to induce a high effort level, i.e., this contract provides
just enough incentive so that the agent is indifferent between exerting high
and low effort for this contract. Given an ex ante efficient contract, if the agent
privately controls a variable prior to choice of effort level, such as initial con-
sumption, then the incentive constraint may no longer bind after the first pri-
vate variable is committed, hence the contract fails to be efficient at the interim
stage. Such a discrepancy of incentive contracts between ex ante and interim
constraints is the basic source of the aforementioned inefficiency result.

In our specific context, by choosing an initial consumption (type) optimally
for a particular contract-effort pair to be adopted in equilibrium, the agent
fixes his wealth level and thereby, his risk attitude optimally for the uncertain
prospects that this contract-effort pair defines. So he may no longer derive
the same utility level from other contract-effort pairs that were equivalent ex
ante because the chosen risk attitude is suboptimal for the prospects that these
pairs define. Since this will be the case for each separate type that might arise
along the equilibrium path (if the agent follows a mixed strategy), the incentive
constraints will not bind at this stage for each contract for which the agent
optimized the initial consumption. This means that any contract that the agent
anticipated in equilibrium is not the optimal one for the principal to offer at
the actual contracting stage, unless the contract was designed to induce the
minimal effort so that the incentive constraint was not a concern to begin with.

In standard moral hazard models in which effort level is the only private
choice of the agent (i.e., without initial consumption), the need for incentive
provision disappears once the effort level is chosen. If the contract can be
manipulated at this stage, further exploitation of risk-sharing becomes pos-
sible, which also has an effect of undermining the contract’s capacity to pro-
vide incentives. But, unlike in our model, this does not erode the equilibria in
which the agent follows random paths because, the effort being the only hid-
den choice, the incentive constraint remains binding after the hidden choice is

>To be fully precise, this is shown to be always the case if the agent randomizes over fi-
nitely many paths, and generically so if continuous randomization is allowed when the agent
has monotone absolute risk aversion.
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made. Our analysis suggests that an additional hidden choice in another dimen-
sion causes the agent’s interim preference to vary in a more divergent manner
(because this extra dimension affects the preference) so that the incentive con-
straints get relaxed more easily; hence the eventual impact on the equilibrium
contract is more drastic. This is reminiscent of Rochet and Stole (2003) who
recognize multi-dimensional dependence of the agent’s preference on private
information and the endogeneity of binding incentive constraints as the main
sources for divergence from the single-dimensional cases in screening models.

This difference can be illustrated by comparing our result with that of
Fudenberg and Tirole (1990) who examined the renegotiation-proof solutions
of a standard moral hazard where renegotiation may take place after the ef-
fort is taken but before the outcome is realized, so the agent’s preference is
private information at the renegotiation stage. Pure strategy solutions always
induce the minimal effort in their model because, if the principal were cer-
tain that the agent chose high effort given the incentive of an initial contract,
she could then safely revise the contract for mutual benefit by shifting the risk
on the agent (which is no longer needed) to herself. However, mixed strategy
equilibria also exist in which the high effort is taken with positive probability,
alleviating the inefficiency: the agent randomizes between exerting the high ef-
fort and then self-selecting an “incentive contract” from a menu, and exerting
the low effort and self-selecting a “risk-free contract.” The idea is that in this
case, revising the incentive contract as before to attract the agent who exerted
the high effort, would not be profitable for the principal after all because it
would be adversely selected by the agent who exerted the low effort, too.

This logic works in their model because ex ante efficiency requires that the
incentive contract be marginal (i.e., equivalent) to the risk-free contract for
the agent conditional on the low effort, so the aforementioned adverse selec-
tion entails when the incentive contract is revised. But the logic does not carry
over to our setting because the agent’s optimal initial consumption levels differ
for the two contracts (conditional on the same low effort level), so the incen-
tive contract becomes strictly inferior to the risk-free contract once the agent
chooses his initial consumption optimally for the latter. Hence, the risk-sharing
of the incentive contract can be improved at this stage without being adversely
selected by such an agent. This means that high effort cannot be induced even
randomly in equilibrium.

The main intuition for our result explained above relies on the direct depen-
dence of the agent’s interim preference upon his initial consumption, which
exists because the initial consumption determines his risk attitude via wealth
level. In the knife-edge cases where the wealth effect does not exist (e.g., when
the agent exhibits constant absolute risk aversion), we still obtain the same
inefficiency due to another effect: if an agent’s initial consumption is not op-
timal for the outside option, the interim value of the outside option is strictly
lower for this agent than the ex ante value. Foreseeing that the principal will
try to exploit such an agent by offering a contract short of the ex ante value



704 IN-UCK PARK

(albeit worth the interim value) of the outside option, the agent would not pur-
sue a path leading to high effort because such a path would require an initial
consumption suboptimal for the outside option. Consequently, the aforemen-
tioned inefficiency is a general result that prevails in all cases, even when the
wealth effect is absent.

We briefly review other studies dealing with endogenous hidden information
on interim preferences in moral hazard contracting. In addition to Fudenberg
and Tirole (1990) discussed above, Ma (1991) studies a model in which a single
effort choice affects outcomes in two periods and renegotiation is possible after
the first-period outcome. Ma does not model capital markets and finds that it
can be optimal to induce high effort stochastically. Also related are Ma (1994)
and Matthews (1995) who study the same basic issue in a one-shot model sim-
ilar to Fudenberg and Tirole, but in which the informed party (the agent) initi-
ates renegotiation. In these studies, type selection (effort level) influences the
agent’s interim preference only to the extent that it defines the exact risk asso-
ciated with continuation contracts. The current paper differs in that the type
selection (savings level) affects the interim utility function itself via the wealth
effect.

As for the private financial decisions and the ensuing hidden information on
interim preferences, Fudenberg, Holmstrom, and Milgrom (1990), inter alia,
provide an example illustrating that the effects can be loss of incentive pro-
vision in multiperiod contracting environments with renegotiation. Chiappori
et al. (1994) generalize this example and prove that the loss of incentive pro-
vision prevails in all pure strategy equilibria of such environments. In light of
the findings of Fudenberg and Tirole, however, examination of mixed strategy
equilibria appears essential for a better understanding of the topic.?

This paper also belongs to the literature on nonexclusive contracting. Most
studies in this literature address issues that arise when the agent can make
independent contracts with multiple principals for the same moral hazard ac-
tivity (Arnott and Stiglitz (1991), Bisin and Guaitoli (2000), Bisin and Rampini
(2002), Bizer and DeMarzo (1992, 1999), Kahn and Mookherjee (1998), and
Pauly (1974)). The current paper addresses a different issue, namely, the im-
pact of personal credit markets (that exist independently of the moral hazard
problem) on moral hazard contracting.

The rest of the paper is organized as follows. Section 2 provides an illustra-
tion of the key argument of the paper. Section 3 describes the model. Section 4
discusses the equilibrium conditions. Sections 5 and 6 characterize the prop-
erties that equilibrium contracts should satisfy. Section 7 identifies the equi-
librium paths with these properties and presents the main results. Section 8
contains a summary and some concluding remarks. A lengthy technical proof
is relegated to the Appendix.

3Park (2001) contains some results showing that the loss of incentive provision generalizes
beyond the pure strategy solutions.
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2. SIMPLE ILLUSTRATION OF MAIN RESULT

This section attempts to elucidate the essential forces behind the main re-
sults informally. Consider a manager and a worker who will engage in a stan-
dard moral hazard contract next period: if the worker signs a contract offered
by the manager, he will privately exert either a high or low effort, which de-
termines the probabilities of good and bad outcomes/profits for the manager
in a natural way. The next period’s wage is the only income of the worker, so
he seeks consumption smoothing by financing this period’s consumption in the
credit market against the anticipated income in the next period.

The low effort level can be induced most efficiently by a flat-wage scheme
that pays a fixed sum w; regardless of the outcome. If the worker signs a flat-
wage scheme in equilibrium, therefore, he will exert the low effort and smooth
consumption by an equal split between two periods, i.e., this period’s consump-
tion is ¢! = wy/2.

To induce the high effort level, on the other hand, a bonus/incentive scheme
is needed that pays w, if a good outcome is realized and w; if a bad outcome is
realized (w, > w,). If the worker adopts such a bonus scheme in equilibrium,
he will exert the high effort and smooth consumption by equating marginal
consumption across periods; i.e., this period’s consumption, ¢”, satisfies

u'(c") = pu'(w, — ") + (1 — p)u/(wy, — "),

where u is a utility function of the risk-averse agent and p is the probabil-
ity of a good outcome when high effort is exerted. The most efficient bonus
scheme provides just a marginal incentive to induce the high effort, so that
the worker may derive the same utility by exerting low effort as well, given the
bonus scheme (i.e., the incentive compatibility constraint binds). Optimal con-
sumption smoothing given low effort, however, means that he should consume
less than ¢” in this period because the equation above needs to be satisfied for
a lower p, i.e., because the income prospects are lower.

From this we deduce that the manager cannot induce the high effort with
certainty because it is time-inconsistent. In such an equilibrium, the worker
would have spent ¢ in the initial period, at which point he strictly prefers
exerting the high effort for the bonus scheme because he already spent sub-
optimally for exerting the low effort. Knowing this, the manager would devise
a new compensation scheme that Pareto-improves upon the supposed equi-
librium bonus scheme, by reducing both the risk and expected wage for the
agent in such a way that the risk-averse worker would prefer it to the original
wage scheme and would still exert the high effort. Offering such a revised wage
scheme would upset the supposed equilibrium. (Note that this offer would not
induce the high effort if anticipated initially, because then the agent would find
it optimal to consume differently and exert the low effort subsequently.)

Hence, if the high effort is induced at all, it would be induced stochastically.
In such an equilibrium, the worker would mix between the two aforementioned
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paths, one in which he consumes ¢”, then self-selects the bonus scheme from
a menu and exerts the high effort, and the other in which he consumes ¢,
then self-selects the flat-wage scheme and exerts the low effort. Note here that
replacing the bonus scheme in the menu with the one that Pareto-improves
upon it as described in the previous paragraph would still work the same way
to upset the equilibrium, as long as the worker who has spent ¢ either prefers
the flat-wage scheme to the revised one or selects the latter and then exerts the
high effort. (In the latter case, this selection would only reinforce the benefits
the manager expects from attracting the worker who spent c".) A key result of
this paper is that the wealth effect on the agent’s preference ensures that this
provision indeed holds, thereby upsetting the equilibrium.

To get an intuition, observe that the worker finds the flat-wage scheme and
the original bonus scheme equivalent ex ante, but after spending ¢‘ he would
weakly prefer the former (because ¢* is not necessarily optimal for the latter).
If he strictly prefers the flat-wage scheme at this stage, by continuity he would
opt for the flat-wage scheme when the bonus scheme is revised only slightly. If,
on the other hand, he still finds the two schemes equivalent but he can derive
the equilibrium utility from the bonus scheme only by exerting the high effort,
then he will in fact exert the high effort in case he adopts the revised bonus
scheme. In either case, the supposed equilibrium cannot be sustained because
the revised scheme brings about Pareto-improvement as discussed above.

To part from this conclusion, therefore, after spending ¢* the worker must
remain indifferent between the flat-wage scheme and the bonus scheme con-
ditional on exerting the low effort level. Phrased slightly more generally, the
following condition is necessary for a mixed equilibrium: The hidden action
of the agent (the initial consumption, or equivalently, the wealth level at the
point of contracting) should not result in relaxing the incentive constraint via
affecting his preference over contracts. In our model this amounts to requiring
that the wealth effect should not exist. In the one-shot model of Fudenberg-
Tirole, on the other hand, this condition is automatically satisfied because the
hidden action is in fact the effort level, which is the core distinction from our
multi-period consumption environment.

3. MODEL

Consider a principal (she) and an agent (he) who engage in independent
moral hazard contracting for two periods. If income is not transferable between
periods, backward induction would imply repetition of the optimal single-
period contract. If the agent can freely access the credit market, on the other

“Even when the wealth effect is absent, the path of consuming ¢ and then exerting high effort
is not viable in our setting due to another reason: since the outside option is strictly inferior to
the equilibrium path for the agent who consumed ¢” (see Lemma 5), the principal can shade the
wage scheme for this agent and still induce the high effort, upsetting the supposed equilibrium.
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hand, his inter-period financial decisions have implications on subsequent con-
tracting. Such effects can be fully examined by focusing on the continuation
game from the point in time that the first period compensation is made but be-
fore the consumption/savings decision, because the only strategic link between
the two periods is the intertemporal consumption smoothing. For expositional
clarity, therefore, we analyze a single-period moral hazard model augmented
by an initial stage in which the agent makes a private consumption/savings de-
cision in anticipation of an upcoming contract. The main results in this paper
extend qualitatively to multiperiod models where the parties sign a spot con-
tract in each period.

The moral hazard activity is characterized by two actions or effort levels, the
high level /4 and the low level ¢, that the agent may take, and two numer-
ical outcomes, g (the “good outcome™) and b (the “bad outcome”), where
g > b > 0. The outcomes g and b occur with probabilities p¢ and 1 — p©, re-
spectively, where e € {4, £} is the effort level taken by the agent. We assume
1> p"> p'> 0. Awage scheme is a vector w = (w,, wy) € R*, where w, and w
are wages contingent upon the outcomes g and b, respectively.

The order of events is as follows. In the initial period ¢ = 0, the agent with an
initial wealth w, privately consumes ¢ > (0 and saves the remaining wealth (or
borrows the shortage against future income) at zero interest rate. This deter-
mines his interim wealth level at the beginning of the main, subsequent period
¢t = 1. In this main period, (i) the principal offers a menu, W, of wage schemes,
which the agent either accepts or rejects; (ii) if the agent accepts the offer, he
selects one wage scheme w = (w,, w;,) from the menu W as a binding contract,
followed by the usual moral hazard activities: he privately takes an effort level
e € {h, £}, an outcome x € {g, b} is realized, and the principal pays a wage w,
to the agent and retains a profit of x — w,; (il') if the agent rejects the offer
the agent receives an outside option which is a fixed income w > 0, and the
principal’s profit is 0; (iii) the agent privately consumes the remaining wealth
after paying off any debt from the previous period.

The agent’s payoff is measured by a utility function u:R — R from consump-
tion and a disutility function d:{h,{} — R from effort, which are additively
separable. The total payoff of the agent is the undiscounted® sum of the two
periods’ payoffs, i.e., u(cy) + u(c;) — d(e), where ¢, is the consumption level
in period ¢t =0, 1, and e is the effort taken. We make the standard assump-
tions that u is twice continuously differentiable, increasing, and strictly con-
cave (u' > 0 and u” < 0), and d(h) > d(£) = 0. The principal maximizes the
expected profit. The payoff structure reflects our presumption that the agent is
risk-averse in consumption and the principal is risk-neutral.

Since the agent’s consumption (equivalently, saving) is private, the contract
cannot be contingent on the wealth level of the agent. Furthermore, if the agent

SThe main results of the paper stand for any interest rate and discount rate, as long as both
players can borrow and save with unlimited liability.
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follows a random consumption path, hidden information on the wealth level of
the agent, referred to as his type, arises at the point when contracts are being
offered. To deal with this problem we model that the principal offers a (wage)
menu, a set of wage schemes, so that the agent may choose a wage scheme from
the menu depending on his type.

This is an endogenous adverse selection phenomenon that arises as a part
of the agent’s optimization behavior, and is different in nature from the more
conventional adverse selection exogenously given from outside the model. To
focus on the former, we assume away any exogenous uncertainty: the agent’s
initial wealth is known and is normalized as wy, = 0. The extensive form game
described above, denoted by I', is common knowledge.

Since the agent finances initial consumption by borrowing before any wage
contract is actually signed, there is an issue of potential default. This does not
pose a real problem in our analysis, though, because the credit markets would
take the agent’s incentives into account in equilibrium, and hence would not
advance loans that will result in default. To facilitate exposition, however, we
abstract from this issue by imposing unlimited liability.°

4. EQUILIBRIUM PATHS

The solution concept we use is perfect Bayesian equilibrium, which requires
that the strategies be sequentially rational given the players’ beliefs, and that
the beliefs be obtained whenever possible from equilibrium strategies and ob-
servations using Bayes rule. To avoid the uninteresting solution of no contract-
ing in I', we assume that the principal strictly prefers employing the agent by
paying w (the income of an outside option) to no employment:

(1) plg+(1—pHb>w.

In equilibrium the Participation Constraint is binding, so the agent is indif-
ferent between working for the principal and taking the outside option. We
make a standard tie-breaking assumption that the agent chooses to work for
the principal in these cases, to avoid inessential analytical complications. Then,
the agent signs a contract with probability 1 in equilibrium.

The strategic decisions the agent takes in I" are depicted by a tuple (c, w, e),
called a passage, that specifies an initial consumption level ¢, and the wage
scheme w, and effort level e to adopt. A passage profile is a set, P, of passages.
A passage distribution is a probability measure, F, whose support is a passage
profile P. (We say that F is on P.) The agent’s strategy in an equilibrium in-
duces a passage distribution. The main task in the remainder of the paper is to
characterize the passage distributions that can be induced in an equilibrium.

®Alternatively, we may assume that lim._ o u(c) = —oo so that the agent has no incentive to
borrow more than he can pay back.



MORAL HAZARD CONTRACTING 709

This section formalizes the properties that such distributions must satisfy and
the subsequent sections identify the distributions that satisfy them.

In an equilibrium the agent chooses a passage to maximize the (expected)
utility, i.e., to solve

2) max U (c,w, e) =u(c) + p‘u(w, — ¢) + (1 — pHu(w, — c¢) — d(e)

subject to choosing w from the equilibrium wage menu W and e € {#, ¢}. Since
W is arbitrary at this point, different passages the agent may adopt in an equi-
librium are characterized as solving (2) subject to w € W for some common
wage menu W. Equivalently stated, an equilibrium induces an ex ante rational
profile P as defined below.

DEFINITION 1: A passage profile P is ex ante rational if every passage in P
solves (2) subject to we W (P) and e € {h, £}, where W (P) is the wage menu
consisting of all the wage schemes in P.

At the point in time when the principal offers a wage menu, which we refer
to as the interim stage, the agent has already committed the initial consump-
tion: this fixes his risk attitude, hence his preference over wage contracts. An
equilibrium requires that the wage menu be optimal for the principal to of-
fer given such interim preferences of the agent. To formalize this condition in
terms of passage profile and distribution, we introduce some terminology.

The consumption component ¢ of a passage (¢, w, e) is private information
at the interim stage and is called the agent’s type. Given a passage distribu-
tion F, the induced type distribution, denoted by F, is the marginal distribution
of F on types. Two passage distributions are type-preserving variations of each
other if their induced type distributions are identical.

The agent’s response to a wage menu varies depending on his type, and
for some wage menus the outside option may be strictly preferred. So, given
an arbitrary wage menu W, a type c agent selects a wage scheme-action pair
(w, e) to solve (2) subject to (w, e) € (W x {h, £}) U{(w, ¢)}, conditional on c,
where (w, ¢) denotes choosing the outside option represented by the flat wage
scheme w= (w, w).

An outside passage refers to a tuple (c,w, ¢); an extended passage profile
refers to a set of passages possibly including outside passages; and an extended
passage distribution is a probability measure whose support is an extended pas-
sage profile. The principal’s expected profit given an extended passage distrib-
ution F is

G ) = / (p°(g — wy) + (1 — p)(b— wy)) dF.
{(c,w,e)|le#p}

Note that the integration is over nonoutside passages. We extend the defini-
tions of induced type distribution and type-preserving variations to extended pas-
sage distributions in the obvious way.
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DEFINITION 2: A passage distribution F on a passage profile P is interim
rational if for every wage menu W there exists an extended passage distribution
F on an extended passage profile P such that:

@A) if (c,w,¢) € P, then (w/,¢’) solves (2) subject to (w,e) € W x
{h, €}) U{(w, ¢)}, conditional on c,
(ii) F is a type-preserving variation of F, and
(iii) IT1(F) <II(F).

The interim rationality formalizes the principal’s optimality that she cannot
increase her expected profit by offering a wage menu other than W (P) at this
interim stage, provided that the agent (of various equilibrium types) responds
optimally. Combining with ex ante rationality, we now define an equilibrium
of I' in terms of a passage distribution.’

DEFINITION 3: A passage distribution F on a passage profile P is an equilib-
rium of I' if P is ex ante rational and F is interim rational. An ex ante rational
passage profile P is an equilibrium passage profile if there exists a passage
distribution F on P that is interim rational, which we refer to as a supporting
distribution.

5. EX ANTE RATIONALITY

We say that a passage (c, w, e) is self-optimal if (c, e) is optimal for w (i.e.,
solves (2) given w): in this case we also say that w prompts the type c, the type-
effort pair (c, e), and the passage (c, w, e). It is immediate from the definition
that the passages in an ex ante rational passage profile P are self-optimal and
have the same (expected) utility level, say v*. Conversely, any passage profile
that consists of self-optimal passages with the same utility level is ex ante ratio-
nal. Let P(v*) denote an ex ante rational profile with a common utility level v*.
As the pool of all possible members of P(v*), we construct the set of all self-
optimal passages with the utility level v*. First, we find the wage schemes that
generate v* given e = ¢, and given e = A, separately. Next, among these we
select the ones for which the given e is indeed optimal.

Fix e € {¢, h} and choose c¢ to solve (2) for a given w. Since the objective
function is strictly concave in c, there is a unique solution

(4) c*(w,e) =argmaxU(-,w, e)

"Implicit in this definition is that the principal’s wage menu offer is not random in equilibrium.
If the principal were to make offers randomly, then it would be consistent to model that she may
offer random devices (i.e., probabilities over wage menus) according to which a wage menu will
be selected if such an offer was accepted by the agent. This would complicate the model and
analysis with a much larger strategy space of the principal. An earlier version of this paper (Park
(2001)) contains an analysis that shows that nontrivial random offers are not used in equilibrium
if the agent’s utility function u exhibits strictly monotone absolute risk aversion.
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that satisfies the first-order condition:

5) D.U(c,w,e)=u'(c) — p‘u'(wg, —c¢) — (1 — pHu'(w, —c) =0.
Denote the value function by

(6) Vw,e)=U(c*(w,e),w,e).

By the Envelope theorem, the gradient is

P, — ') )

M prme= ((1 — Py — )

Denote the set of w with the same value, say v, by
(8) IC‘(v) = {weR*:V(w,e)=v}.

The graph of IC*(v) is called an ex ante indifference curve (conditional on e):
it consists of wage schemes that are ex ante equivalent. Obviously, V' (w, e)
is increasing in w. Since u is strictly concave, V' (w, e) is also strictly concave
in w € R%® Therefore, the ex ante indifference curves in the space of wage
schemes (R?) are strictly concave to the origin.

The ex ante indifference curves exhibit the usual properties of the static
principal-agent models. In particular, the “single-crossing property” is satis-
fied as the next lemma asserts, facilitating the subsequent analysis consider-
ably. Unlike in the static model, however, this result is not straightforward in
the considered environment, because in principle the intertemporal consump-
tion smoothing can have quite complex influence on the (ex ante) preference
over wage schemes. The next lemma shows that this effect is not strong enough
to overturn the single-crossing property in the current model. (Strict concavity
of u is used to prove this.) Accordingly, the two indifference curves IC‘(v*)
and IC" (v*) for a utility level v*, illustrated in Figure 1, cross at a single point,
denoted by w" = (wy, w), at which IC" (v*) is steeper than IC (v*).

LEMMA 1: Any two ex ante indifference curves IC"(v) and IC' (v') meet at most
at a single point and at this point IC" (v) is strictly steeper than 1C (V).

PROOF: For this proof, we treat p° as a continuous variable and denote it
by p. Then, ¢* and D,V in (7) are functions of p (instead of e). Differenti-
ate (5) with respect to p to get

dcr w(wg —c*) —u'(w, —c*)
ap  w'(c*)+ pu'(w, — )+ (1 — p)u(w, — ¢*)’

©)

81t is straightforward to verify that the Hessian matrix of V(-, e) is negative definite for all
w € R?, by checking the signs of the principal minors.
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IC" (%)
IC " (v*)

PP (w")

FIGURE 1.

We prove the claim by showing that

i((l —pu'(w, — C*)>
ap pu'(w, — ¢*) ’

the slope of the gradient D}V defined in (7), decreases in p. Note

g((l — p)u'(wy — ¢)
ap pu'(wy — c*)

=—u'(w, — c")u'(w, — ¢*)

>p2u/(wg _ C*)Z

+ p(1 = p)(u' (wp — Hu'" (wy — ¢*)

*

/ * " k (76
—u'(wy — cu (wb—c))a )

After plugging in (9), multiply by the negative of the denominator of (9) and
rearrange to get

u/(wb _ c*)u/(wg _ c*)(u//(c*) +p2u//(wg _ C*)
+ 1= p)’u"(w, — ¢*))
+ p(1 = p) (' (wg — )t (wy, — ) + U/ (wp — )" (W, — ¢*))
< 0.
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This proves

d ((1 — p)u'(wy — C*)>
— <0,
ap\ " puw, —c)

i.e., the slope of D,V decreases in p. This implies that IC"(v) is steeper than
IC‘(v') at every point that they meet. Since both of these curves are con-
nected one-dimensional manifolds, it follows that they cannot meet more than
once. Q.E.D.

For wage schemes on IC" (v*) that lie above IC‘(v*), the agent’s optimal ef-
fort is obviously £ and he derives a utility level higher than v*. So these wage
schemes are not used in ex ante rational passage profiles P(v*). Analogously,
wage schemes on IC'(v*) that lie above IC" (v*) are not used in P(v*), either.
Hence, the wage schemes that can be used in P(v*) constitute the lower enve-
lope of IC*(v*) and IC"(v*), which we call the indifference frontier and denote
by IC(v*). The decomposition

(10)  IC(v") = (IC'(v") NIC(v")) U (IC" (v*) NIC(v"))

is trivial. An ex ante rational passage profile P(v*) consists of self-optimal
passages (c, w, e) with w € IC(v*). Conversely, any collection of such passages
forms an ex ante rational passage profile with a utility level v*. The next two
lemmas are immediate from the fact that the optimal consumption c*(w, e) is
unique given (w, ¢) and is higher when e = 4 than when e = ¢ (for the same w);
hence the proofs are omitted.

LEMMA 2: (i) The wage scheme w" = IC' (v) N IC" (v¥) prompts exactly two
self-optimal passages, namely, (c*(w", h), w", h) and (c*(W", £), w", £).
(ii) Every other wage scheme in 1C(v*) prompts a unique self-optimal passage.

LEMMA 3: If (c,w,e) is a self-optimal passage, then a c-type agent strictly
prefers e to the other effort level ¢ = {h,t}\{e} given w, ie., U(c,w,e) >
U(c,w,e).

Next, isoprofit lines are added in Figure 1. The expected profit of the princi-
pal from (w, e) is

(11) II(w, e) = p°(g —wy) + (1 — p) (b — wy)

and its gradient is

_( "
(12) DWH(W’e)_(—l—i-p“)'
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Conditional on e, an isoprofit line containing w is a straight line perpendicular
to the gradient (12), and has an associated expected profit level of I1(w, e). It
is expositionally convenient to define isoprofit lines relative to wage schemes
rather than profit levels:

(13) IP¢(w) = {w' e R*: II(W', e) = II(w, e)}.

Two isoprofit lines, IP‘(w®) and IP"(w"), are illustrated in Figure 1 for
two important wage schemes in subsequent analysis: w" = IC‘(v*) N IC"(v*)
as defined earlier and w’, the intersection of IC‘(v*) and the certainty line.
(Although not indicated for notational simplicity, w* and w" are defined for
an underlying utility level v*.) Because the gradients (7) and (12) are linearly
dependent when w, = w,, isoprofit lines are tangent to ex ante indifference
curves along the certainty line (conditional on the same e). Hence, w* and w"
are the wage schemes that generate the maximum expected profit for the prin-
cipal subject to the reservation utility level v* and induce £ and 4, respectively.
The two passages that w* and w" prompt and generate the maximum expected
profit are important in subsequent discussion, so we denote them by (c‘, w¢, £)
and (c",w", h) as shorthand, i.e., ¢! = ¢*(w’, £) and ¢" = c¢*(W", h).

6. INTERIM RATIONALITY

The previous section characterizes an ex ante rational passage profile as a
collection of self-optimal passages whose wage schemes are on the same in-
difference frontier IC(v*). For such a passage profile P to indeed be an equi-
librium, a supporting passage distribution should exist that is interim rational
so that the principal cannot benefit by offering a wage menu different from
W ('P), the set of wage schemes in P, at the interim stage. In the next section,
we exclude various ex ante rational passage profiles by showing that alterna-
tive wage menus exist that, if offered at the interim stage, would necessarily
increase the principal’s expected profit. This section provides two preliminary
observations that are useful in this process.

DEFINITION 4: A wage scheme w Pareto-improves upon a passage (c, w, e) if
both the principal and a c-type agent are better off when the agent adopts w
and selects the effort level optimally, i.e., if U(c,W,é) > U(c,w,e) and
I (w, é) > II(w, e), where é (which may or may not be e) is the effort level
strictly preferred’ by a c-type agent given w. A self-optimal passage (¢, w, €)
prompted by w € IC(v*) is ex post inefficient if there exists a wage scheme w
that Pareto-improves upon (c, w, e). A passage is ex post efficient otherwise.

That ¢é is uniquely optimal for W is innocuous: if both effort levels are optimal conditional
on ¢, w can be perturbed slightly to break the tie in either direction.
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The first observation, formalized in the next lemma, is that all non-flat wage
schemes w (i.e., w, # w;) necessarily prompt ex post inefficient passages be-
cause, once the type of a self-optimal passage (c,w, e) is committed, a small
improvement of insurance (which is feasible for every non-flat w) would in-
duce the same effort level due to Lemma 3, resulting in a Pareto improvement.

LEMMA 4: Every self-optimal passage (c,w,e) with w € IC(v*) \ {w'} is ex
post inefficient. Furthermore, one can find wage schemes arbitrarily close to w that
Pareto-improve upon (c,w, e).

PROOF: Consider a passage (¢’,w’, ¢’) prompted by w' € IC(v*) \ {w'}. We
prove for the case in which w’ lies below the certainty line, but the same ar-
gument applies to the other case. It is graphically clear that the ex ante in-
difference curve IC¢(v*) and the isoprofit line IP¢ (w') cross at w' where the
former has a flatter slope than the latter. That is, the gradient D,V (w,¢’)
in (7) is steeper than the negative of the gradient DyII(w,e’) of (12) at
w =w’'. Therefore, there exists a vector r € R_ x R, arbitrarily small such that
r- Dyll(w,e’) > 0andr- DV (w, e’) > 0 when these products are evaluated at
w = w’. Note that, by the Envelope theorem, the gradients D,U(c’, w, ¢’) and
D,V (w, e') coincide at w=w’. Hence,

(14) Ul,w+r,e)>v" and II(w +r,e)>I1I(w,¢e).

Since U(c’,w',e') =v* > U(c’,w,e) for e # ¢ by Lemma 3, €' is uniquely
optimal for the ¢’-type given w’ +r for sufficiently small r. Hence, w’ +r Pareto-
improves upon (c¢’, w’, ') for arbitrarily small r, completing the proof. Q.E.D.

The second observation concerns the changing value of the outside option.
The ex ante value of the outside option is 2u( w /2) because equal split of con-
sumption is optimal for the outside option. Therefore, the agent’s equilibrium
utility level is at least 2u(w /2). As the next lemma states, however, the value
of the outside option at the interim stage is strictly lower unless the agent has
consumed w /2 initially, i.e., optimally for the outside option. Consequently,
the principal may try to exploit the deteriorated outside option by offering
“shaded” wage schemes for the agent of types ¢ # w /2, because the agent
would still accept them as long as they are better than the interim value of the
outside option. Recall ¢* = c*(w*, £).

LEMMA 5: Let (c,w, e) be a passage in an equilibrium passage profile P (v*).
If ¢ # ', then the interim value of the outside option for a c-type agent, u(c) +
u(w — c), is strictly less than the equilibrium utility level v = U (¢, w, e).

PROOF: Asasserted earlier, v* > 2u(w /2),and 2u(w /2) > u(c)+u(w—-c).
If v* > 2u(w/2), therefore, the conclusion is trivial. If v* = 2u(w /2), then
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(w/2, (w,w), £) is a self-optimal passage in P (v*) with a flat wage scheme, so
c* =w/2.Since u(c)+u(w—c) < 2u(w/2) forany c # w /2 by strict concavity
of u, the proof is complete. Q.E.D.

7. INEFFICIENCY

Suppose a single passage (c, w, e) is to be taken with certainty in an equilib-
rium. Then, this passage must be ex post efficient because otherwise the prin-
cipal can surely increase her expected profit by offering an alternative wage
scheme that Pareto-improves upon it (which exists by Definition 4), failing the
interim rationality. Hence, by Lemma 4, this passage must be the one that the
flat wage scheme w* prompts, i.e., (¢, w', £). In particular, ¢ is the only effort
level that can be induced in any deterministic equilibrium.

We show in this section that such inefficiency of an equilibrium contract is a
robust conclusion that generalizes beyond deterministic solutions. We first ex-
tend the same basic arguments to solutions in which the agent may randomize
over a finite number of passages, then to the cases that he may randomize in
any manner.

Consider an equilibrium passage distribution with a finite support and let
P(v*) be the associated passage profile. Let C* = {c', ..., ¢’} denote the set of
equilibrium types and for each ¢/, i =1, ..., 1, let (¢!, w', ¢') denote the “most
profitable passage” of the ¢'-type in the sense that IT(w', e') > II(w, e) for all
(c,w,e) € P(v*) with ¢ = ¢'. Since I1(w, e) decreases as w moves away from
the certainty line along IC*(v*), for each ¢’ there are at most two most prof-
itable passages, one for each e = h, ¢: if indeed there are two for some ', let
(c',w', e') be the one associated with £, i.e., e’ = h. (In particular, if ¢ = ¢ = ¢/
for some i and both (¢, w¢, £) and (c", w", h) are most profitable passages, let
(c',w,e") = (c",w", h).) The next lemma states that the incentive constraints
generally do not bind for each (¢’, w', e') at the interim stage, and identifies the
exceptional case.

LEMMA 6: For each i, a c'-type agent strictly prefers w' to w’ for all j # i unless
w =wand {c', ¢/} = {c", c*(W", £)}: in the latter case, he is indifferent between
w and w =w".

PROOF: Since ¢’ # ¢/, it is obvious that each ¢’ strictly prefers w' to w/ unless
¢’ is optimal for w/ as well, which is possible only if w = w" and {c¢/, ¢/} =
{c", c*(w", £)} by Lemma 2. If in fact w = w" and ¢’ = ¢" or ¢*(w", ), then
the ¢-type can derive the equilibrium utility v* from w”; hence he is indifferent
between w' and w’. Q.E.D.

We now construct an alternative wage menu W that, if offered _instead of
W (P(v*)), would surely increase the principal’s expected profit: W will pri-
marily consist of wage schemes that Pareto-improve (¢', w', '), w' #w*, each
of which will be adopted by the type it improves upon.
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FIGURE 2.

It proves helpful to illustrate the construction of w graphically first. To de-
rive the equilibrium utility level from any wage scheme w € IC*(v*), the agent
should obtain a type that is optimal for (w, e). As soon as he commits to this
type, however, other wage schemes in IC(v*) for which this type is suboptimal
become inferior. So the ex ante indifference curve IC*(v*) is a lower envelope
of interim indifference curves of various types ¢, denoted by IC*(v*|c), that are
tangent to IC*(v*) at the wage schemes for which ¢ is optimal. Two interim in-
difference curves, IC‘(v*|c’) and IC" (v*|c"), are illustrated as dotted curves in
Figure 2 that “curled up” from the ex ante curves.

The phenomenon that indifference curves curl up with type selection reflects
the wealth effect that changes the agent’s preference over future contracts;
in particular, the wage scheme of an equilibrium passage (¢’,w', ¢') is per-
ceived strictly inferior by other equilibrium types. Therefore, unless w' = w',
a wage scheme W' can be found above IC* (v*|c’) and below IP(w', ¢'), suffi-
ciently close to w' not to attract any other ¢’. If, as explained in step 2 below,
distinct wage schemes need be found that Pareto-improve upon (¢, w”, h) and
(c*(w", £), w", £), respectively, this can be done because the curve IC" (v*|c") is
steeper than IC‘(v*|c*(W", £)) at w".

More formally, W is constructed as follows. Recall from Lemma 4 that for
each w' # w' there is a wage scheme, denoted by W', arbitrarily close to w' that
Pareto-improves upon (¢, w', e').

1. By Lemma 6, one can find the wage schemes W' for all i € J = {j|w #
wi,w'} C {1,..., I} that have the “no-cross-selection” property for J in the
sense that each c¢'-type agent with i € J strictly prefers w to W/ for any other
jelJ.
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2. Let K = {j|w = w"}. By Lemma 2, there are two possible equilibrium
passages prompted by w", which we denote by (c*, w*, e¥) = (", w", h) and
(K, WK, eky = (c*(w", £),w", £). Hence, K C {k, k'}. Since the interim indif-
ference curve IC" (v*|c¥) is steeper than IC(v*|c*') at w", one can find wage
schemes w* and WX that Pareto-improve upon (c*, w¥, e¥) and (c¥',w~', e¥'),
respectively, in such a way that the c*-type strictly prefers w* to w* and vice
versa: find W* above IC' (v*|c¥) but below IC" (v*|c¥) and IP(w", ¢); then find
WF sufficiently close to w” to ensure that it is inferior to W by the c¥'-type.
In conjunction with step 1, therefore, one can find wage schemes w' for all
i € J UK that have the no-cross-selection property for J U K in the sense de-
fined earlier. (This step also applies when K is a singleton or empty set with
the obvious modifications.)

3. Ifanyi¢JUK,then (c',w,e’) = (c’,w", £). Take W = w* for this i. Let
W={w,.. . Wl

We now show that in any equilibrium with a finite support, (¢, w*, £) is
the only passage that the agent may take, because otherwise the principal can
surely increase her expected profit by offering an alternative wage menu such
as W constructed above.

THEOREM 1: In any equilibrium of I' with a finite support, the agent takes
(ct, wt, €) with certainty where w* = (w, w) and c* = w /2.

PROOF: First, consider the case in which
(15) ct £ cr(wh o).

If ¢’ # ¢ forall i (i.e., ¢ is not an equilibrium type) or ¢’ = ¢‘ forsome i € JUK
(i.e., (c*,w', £) is not the most profitable passage for the c‘-type), it is obvi-
ous that if W is offered, each c¢/-type would adopt W and exert ¢’. Otherwise,
i.e., if (¢, w,e) = (c',w’, ) for some i, then the c’-type agent still strictly
prefers w* to w' for all i € J by Lemma 2; he would strictly prefer w’ to w/ for
j € K, too, provided that he strictly prefers w® to w". If he is indifferent be-
tween w' and w", then ¢ = ¢" due to (15) and if (¢/, W, €/) = (c*(W", £), W', £)
for some j € K, the wage scheme W’ is selected in such a way that it is inferior
to w' for the c‘-type as explained in step 2 above. Therefore, the wage menu W
constructed according to steps 1-3 above, would induce each ¢'-type to adopt
W' and exert e'. Since each passage (c', W', e') is more profitable than (¢, w', e')
if w' #w', and is equally profitable if w = w*, offering W would surely increase
the expected profit of the principal if w' # w* for at least one i, failing interim
rationality. This implies that ¢‘ is the only equilibrium type and (c‘, w’, £) is
the most profitable passage of the ¢’-type.
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If (15) does not hold, i.e., if ¢! = c*(w", £),'° then the argument above can
face a problem: If (¢/,w/,e/) = (¢!, w', £) and (c*,wt, e*) = (¢",w", h) for
some j and k, then the c‘-type would adopt w* instead of W = w¢, and ex-
ert £. (Note that (¢, w’, £) is more profitable than (c*(w", £),w", ¢) for the
c‘-type; hence the latter passage is not relevant in step 2 above.) In this case,
however, ¢ # ¢ because ¢ # ¢*(w", £) and so the interim value of the outside
option is less than v* for the ¢"-type by Lemma 5. Hence, modify step 2 above
by selecting W* =w" — (&, &) for sufficiently small & > 0 so that a c"-type agent
still prefers w* to the outside option. The alternative wage menu W modified in
this way, would still induce each ¢ to choose W and exert ¢’, thereby increasing
the expected profit of the principal if w' # w* for at least one i.

Hence, we proved that ¢* is the only equilibrium type and (¢, w*, £) is the
most profitable passage that the c¢‘-type uses. If the c’-type uses another pas-
sage, it must be equally profitable (otherwise, offering the singleton wage menu
{(w, w)} would increase the principal’s profit) and, therefore, the principal
can increase her expected profit by offering the wage scheme that Pareto-
improves upon this other passage (such a wage scheme exists by Lemma 4).
Since this would violate the interim rationality, we conclude that (c‘, w*, ¢)
is the only equilibrium passage. Clearly w* = (w*, w*) is at least as good as
the outside option, i.e., w* > w must hold. If w* > w, however, the principal
can increase her profit by offering the wage menu {(w, w)} instead of {w‘}.
Therefore, w* = (w, w). Then, ¢ = w /2 follows from optimal consumption
smoothing. Q.E.D.

Finally, we establish that the inefficiency of Theorem 1 is a robust phenom-
enon by showing that generically all equilibria have finite supports if the agent’s
utility function u shows DARA, CARA, or IARA, i.e., if the absolute risk aver-
sion of u is strictly decreasing, constant, or strictly increasing.

THEOREM 2: Every equilibrium of I has a finite support for all u that shows
CARA or IARA, and for generic u that is C* and shows DARA.

The basic argument of the proof is similar to that of Theorem 1: we show
that any equilibrium with an infinite support fails interim rationality because
the principal can exploit either new opportunities of Pareto improvement due
to a relaxed incentive constraint, or deteriorated reservation values of certain
types of the agent. The technical details are much more complicated because
we must examine the full spectrum of possible randomization, so we defer a
formal proof to the Appendix.

0This equality holds only for knife edge cases of u. Hence, the argument in the previous
paragraph alone establishes the result for generic u.
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8. CONCLUDING REMARKS

A simple model of moral hazard has been investigated in which private fi-
nancial decisions of the agent may create endogenous hidden information on
the agent’s interim preference at contracting dates. It has been shown that the
minimal effort is the unique effort level that can be induced in equilibrium.
Such inefficiency of equilibrium extends to multiperiod models where the par-
ties revise and renew contracts each period.

This result stands in contrast with the largely positive findings of other
studies on multiperiod contracting when no hidden information can arise
at potential recontracting dates: The full-commitment optimum is generally
achieved by a sequence of spot contracts (Malcomson and Spinnewyn (1988)
and Fudenberg, Holmstrom, and Milgrom (1990)) or short-term contracts
(Rey and Salanie (1990)).

In the study of contractual relationships, it seems realistic to consider pri-
vately accessible credit markets. However, the extreme inefficiency obtained
as a result does not seem to be in good accordance with the reality. This evi-
dently calls for further research in the area of dynamic contracting for a better
understanding of reality from theoretical perspectives.

Dept. of Economics, University of Pittsburgh, 4501 W. W. Posvar Hall,
Pittsburgh, PA 15260, U.S.A.

Manuscript received January, 1998; final revision received February, 2003.

APPENDIX

Theorem 2 is proved in this Appendix in a few stages. Section A.1 formulates concepts and
notations needed to formally discuss passage distributions with infinite support. Then, the proof
for the cases of CARA and IARA follows straightforwardly. Section A.2 describes two kinds
of deviation by the principal to be used in the proof for the case of DARA, and derives some
related results. Section A.3 shows that any equilibrium with infinite support must be represented
by a C? density function that satisfies a differential equation that is necessary for the principal’s
deviant offers to be unprofitable according to their first-order effects. Section A.4 concludes the
proof by showing that for generic utility functions such a density function is subject to some
profitable deviation due to higher-order effects. The C* property of u is needed for technical
reasons.

A.1. Preliminaries and the Proof for CARA and IARA

Let ¥, (w,) denote the implicit function that represents the ex ante IC*(v*). For notational
compactness we denote ¥ (w,) = ¥, (w,) in the sequel when no confusion arises. Denoting

cﬁ,(wg) = C*((wg; 1I/(wg))a 6),
the optimal type for the wage scheme (w,, ¥ (w,)) € IC*(v*), we have the identity for IC* (v*):
(16) u(cy(wy)) + pu(wg — & (wy)) + (1 — pHu(¥(w,) — ¢ (wy)) —d(e) = v*
for all w, > 0. For easy reference we reproduce the FOC (5) that cj, (w,) satisfies:

(17) w' (cip(wy)) — pou'(wy — ¢ (wy)) — (1 — pu' (Y(wy) — ¢ (wy)) =0.
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By the Implicit Function theorem (see, e.g., Spivak (1965, p. 41)), ¥ is C! because u is as-
sumed C?; ¥ is C? in case u is C* as assumed in Theorem 2 for the case of DARA. (Below,
we treat ¥ as C° but only the C! property will be used for the cases of CARA and IARA.) By
differentiating (17) w.r.t. w, and rearranging, we get the expression for the derivative of ¢, (w,)
W.I.t. Wy

P (wg — ¢y (wy)) + (1 — pHu" (¥ (wy) — ¢ (wg)) W' (wy)

18 > = .
(18) W) = e ) F P (wy — (W) + (1= pO ) (W (wy) — i (wy))

By the Envelope theorem, differentiation of (16) w.r.t. w, produces

(19) Peu (wy — ¢ (W) + (1 — pHu' (W(wy) — ¢ (wy)) ¥ (w,) =0.
Differentiating (19) w.r.t. w, produces
(20) pou’ (wy — ¢ (we)) (1 — ¢y

+(1 - pe)(u//(lp(wg) —_ c;,(wg))(llf’(wg) — C:;//)‘lp/(wg)
1 (Wwg) — €, (we)) V' (wy)) = 0.

The first lemma says that the optimal type increases (decreases) as the wage scheme moves
away from the certainty line along IC*(v*) if u shows IARA (DARA).

LEMMA A.1: Fix e € {h, £}, and consider (w,, ¥ (w,)) € IC*(v*) below the certainty line.
(a) ¢y (wg) > 0 if u shows IARA;

(b) ¢/ (wy) = 0 if u shows CARA,;

(c) ¢/ (wg) < 0if u shows DARA.

PROOF: By (19), the numerator of (18) is

u'(wy —cy(we))  u'(¥(wg) — Cf‘p(wg))>
w(wg = cj(wg)) W (W(wy) — ci(wy)) )

peu/(wg - C:;/(wg))<

which is negative (0, and positive, resp.) if u shows JARA (CARA, and DARA, resp.) because
¥(w,) < w, by supposition. Since the denominator of (18) is negative, the assertions of the
lemma follow. Q.E.D.

For each x = (x,, W(x,)) € IC°(v*), let ¢ ., (w,) denote the implicit function that represents
the interim IC’(v*|c} (x,)). By the Implicit Function theorem as before, ., is C! because
uis C?, and is C* if u is C*. Again we simplify notation as ¢, = ¥ .. The function ¢, satis-
fies (16) with ¢y, (w,) replaced with a constant ¢, = ¢}, (x,) and ¥(w,) replaced with ¢, (w,) for
all w,. Differentiating this identity twice w.r.t. w,, we get

peu/(wg_cx)+(1_pe)u/(‘-lfx(wg)_Cx)‘-lf;(wg):o and

(21) pou’(wy — c) + (1= p) (' (P (wy) — ) (P (wy))?
+ u/('-lfx(wg) - Cx)llf;(wg)) =0.

Since the indifference curves are strictly convex as asserted earlier, the first derivatives ¥’ (w,)
and ¢ (w,) are negative and the second derivatives ¥ (w,) and #(w,) are positive (possibly 0
at some w, but not over an interval). Since ¥ and i represent two curves that are tangent at x,
their values and their first derivatives coincide at x:

(22) l/fx(xg) = q,(xg) and l/f;(xg) = q//(xg)~
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From (20) and (21) evaluated at w, = x, (note ¢, = cj,(x,)), therefore, we get
(23) Pi(xg) — V' (xg)

__prul(xg — ey (xg)) + (= pHu'(Wxg) — e (X)) W' (xg) )y (Xg)
(A = pHu' (¥(xg) — ¢y (xg)) '

LEMMA A.2: If u shows DARA or IARA, for x = (x4, ¥(x,)) € IC*(v*) below the certainty line,
Pe(xg) — V' (xg) > 0.

PROOF: Note from (18) that the expression in the big parentheses in the numerator of the
right-hand side of (23) and cj/(x,) are of opposite signs unless the latter is 0. Hence, the lemma
follows from Lemma A.1. Q.E.D.

Consider an equilibrium probability measure F on the passages that the agent takes. Recall
F¢ is the marginal distribution on the equilibrium types of the agent: Fc(c) is a cumulative
distribution function, i.e., an increasing right-continuous function taking values in [0, 1]. Obvi-
ously, F is concentrated on self-optimal passages with wage schemes on IC(v*), where v* is the
equilibrium utility level of the agent. It proves useful to decompose F into two measures de-
pending on e = h, £: F° is the measure induced by F on the passages whose effort component
is e. Since each w € IC*(v*) prompts a unique self-optimal passage with e as the effort compo-
nent, we treat F* as defined on the set of wage schemes IC*(v*) N IC(v*) as follows: for each e,
Fe(W)=F({(c,w, e)lw € W}) for measurable W c IC’(v*) NIC(v*). The support of F¢, denoted
by supp(F*), is a compact subset of R? for each e, because the wage schemes adopted in equilib-
rium are bounded. Note from Lemma 2 that w” is the only wage scheme contained in the domains
of both F" and F*.

For two wage schemes w, w’ € R?, [w — w’|| denotes the usual norm in R?; we use [w — w'|, to
denote the “horizontal distance” between w and w', i.e., [w — w’|, = | proj(w) — proj(w’)|, where
proj(-) is the projection map of a vector in R? onto its first coordinate. For two wage schemes
w = (wg, wp) and W = (w,, w;,), we say wis left (right) of w’ if proj(w) = w, < (> ) w, = proj(w’).
A connected subset I C IC*(v*) is called an arc. Since IC‘(v*) has a negative slope everywhere,
an arc can be described by two end points: we use (w, w’) and [w, w’] to denote open and closed
arcs, respectively, between w and w’ where w is left of w’; (w, w'] and [w, w’) denote half-open
and half-closed arcs.

We say that a type ¢ (a wage scheme w € IC*(v*), resp.) is used in the equilibrium if ¢ €
supp(Fc) (w € supp(F¢), resp.). A used type ¢ (wage scheme w € IC°(v*), resp.) is isolated if
it is the only used type (wage scheme, resp.) in a small neighborhood of types (wage schemes on
IC* (v*), resp.). Note that w" may be isolated relative to IC‘(v*) but not relative to IC" (v*), or vice
versa. An isolated ¢ or w € IC*(v*) necessarily has a point mass, i.e., Fo({c}) > 0 or F¢({w}) > 0,
but the converse is not true.

For expositional ease we present the proof as if supp(F*) is contained in the lower half space
determined by the certainty line. It is straightforward to extend the proof to the case that this is
not so.

We now prove Theorem 2 when u shows CARA or IARA. In these cases, it is straightforward
to verify from Lemma A.1 that supp(F") = @ in equilibrium. To see this for the the case of CARA,
note from Lemma A.1(b) that there are at most two used types, ¢* and c”, and that the c*-type
adopts (w, £) for some w € ICY(v*) and the ¢" -type adopts (w, i) for some w € ICh(U*). Note also
that the c’-type and ¢”-type would be equally happy to adopt (c¢, w’, £) and (c", w", h), respec-
tively, which is more profitable for the principal. If # # supp(F") # {w"}, therefore, the principal
can increase her expected profit by offering a wage menu {w*, w"} because then the c‘-type and
¢"-type would invariably adopt (c‘,w*, £) and (c", w", h), respectively. If supp(F") = {w"}, on
the other hand, note that the c"-type would strictly prefer (w" — (&, &), h) to (w¥, £), hence to
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the outside option, for small & > 0 because ¢’ is suboptimal for (w’, £). So, the principal can
increase her expected profit by offering a wage menu {w*, w" — (&, &)} because then the c’-type
and c"-type would invariably adopt (c¢,w¢, £) and (c",w" — (&, &), h), respectively. Hence, we
have established that interim rationality would be violated if supp(F") # @ in the case of CARA.

In the case of IARA, by Lemma A.1(a) and the fact that ¢ > ¢*(w", £), no two used wage
schemes are adopted by the same type. If supp(F") # @, let w* denote the right-most used wage
scheme, i.e., proj(w") > proj(w) for all w € supp(F"). Then, the type that adopts w', say ", is big-
ger than any other used type by Lemma A.1(a). If w # w", for sufficiently small & > 0 let w*
denote the wage scheme on IC" (v*) N IC(v*) that is left of w" by ¢, i.e., |W —w?|, = &. Consider
the wage menu ¢ obtained from the supposed equilibrium wage menu W by removing all wage
schemes on the arc (w*,w’] C IC"(v*) and adding w*. The principal can increase her expected
profit by offering a wage menu W* for sufficiently small ¢ > 0 because then (i) the types that
were to adopt (w, #) with w € (w®, w'] in the supposed equilibrium would switch to (w*, &) which
is more profitable, and (ii) all other used types would adopt the same wage scheme-effort pair as
in the supposed equilibrium.

If w* = w", on the other hand, for sufficiently small & > 0 let w® denote the wage scheme on
IC'(v*) left of w =W’ by &, i.e., W' — w?|, = &. Consider a wage menu W* obtained from the
supposed equilibrium wage menu W by removing all wage schemes on the arc (w®, w"] C IC (v*)
and adding w®. If W* is offered at the interim stage for sufficiently small & > 0, (i) the ¢’-type
would adopt (w?, k) by continuity, (ii) the types that were to adopt (w, £) with w € (w*, w'] in the
supposed equilibrium would switch to (w*, £), and (iii) all other used types would adopt the same
wage scheme-effort pair as in the supposed equilibrium. Since the switches in (i) and (ii) above
increase the expected profit of the principal, we have established that interim rationality would
be violated if supp(F"*) # @ in the case of IARA as well.

Since supp(F"") = @ as verified above, any used wage scheme is used with £ so IT(w*, ¢) >
I1(w, e) for any used wage scheme-effort pair (w, ). Therefore, supp(F¢) = {w’} because oth-
erwise the principal can increase her expected profit by offering a singleton wage menu {w*},
for then the agent will adopt (w*, £) with certainty. (Recall the tie-breaking assumption that the
agent chooses to work for the principal when it is equivalent to the outside option.) Hence, we
have proved Theorem 2 for the cases of CARA and IARA.

A.2. Two Kinds of Deviation by the Principal

We consider the case of DARA in the rest of Appendix. The argument used for the case of
IARA above does not work for the case of DARA. In particular, when w" # w” and W is offered
instead of W as explained above, the types that were to adopt (w, #) with w sufficiently close
to w' may adopt (w’, £) for some w' € W N IC‘(v*) that prompts ¢’ or a nearby type. (Such w’
may exist in the case of DARA but may not in the case of IJARA by Lemma A.1.) Hence, we need
a different argument for the case of DARA. In this section, we derive some preliminary results
and describe two kinds of deviant wage menu offers to be used in this argument.

In this and the next sections we characterize the equilibrium with infinite support under the
hypothesis that one exists, which is implicitly assumed in the statements of all lemmas. We start
with an obvious observation that if supp(F") # @ in equilibrium with infinite support, then

(24) W', by > IT1(w', £).

To see this, note that assuming otherwise would mean that the agent adopts wage scheme-effort
pairs that are strictly less profitable than (w', ¢) with positive probability in the supposed equi-
librium. Then, the principal can increase her expected profit by offering the singleton wage
menu {w'} at the interim stage, so that the agent adopts (w*, £) with certainty.

The next result is that wage schemes used in equilibrium are more profitable than other wage
schemes on IC(v*) that prompt the same type.
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LEMMA A.3: Ifw € supp(F¢) and ¢ = c*(W, e) = ¢*(W’, ¢') for some W’ € ICY (v*) NIC(v*), then
II(w,e) > II(W,¢).

PROOF: For each ¢ € supp(F¢) and e € {A, £}, let w»® denote the wage scheme on IC‘(v*) N
IC(v*) that prompts c, if it exists. (By Lemma A.1(c), it is unique if it exists.) If w(** exists for
both e = A, ¢, and IT(w'“9, e) > [1(W'®9, &) where e # ¢, let w* =w@9 and w¢ = w®9_ Clearly,

(25 F({(c, W, &)|c € supp(Fe)}) =0

for otherwise the principal can increase her profit by replacing {W¢|c € supp(F¢)} with {w¢|c €
supp(F¢)} in the wage menu to offer.

To reach a contradiction, suppose contrary to the lemma that II(W', e’) > II(W, e). Then,
(i) there does not exist an open arc J C IC?(v*) N IC(v*), J > W, such that ¢ is contained in
the interior of {c*(w, ¢')|w € J}, which implies W' € {w¢, w"} by Lemma A.1(c), and (ii) there is
an arc [w, w] C IC*(v*) such that F¢([W, w']) = 0. To see these, note that if (i) fails, so does (25)
because wage schemes on IC(v*) near W’ are more profitable than those on IC*(v*) near w
by continuity and any open arc containing w has a positive measure according to F¢ because
W € supp(F*); the same conclusion follows analogously if (i) holds but (ii) fails. From (ii), it fur-
ther follows that (iii) F¢((W~, Ww)) > 0 for any nonempty open arc (W~, W) C IC°(v*). Hence, we
deduce from (25) and (i) that W' =w’ if ¢ =€ and W' =w" if ¢’ = h.

Fix an arc [w, w"] C IC*(v*) with F([W, W' ]) = 0 as described in (ii) above. Pick W~ described
in (iii) sufficiently close to w so that the ¢-type prefers w~ to w'. Then so do all types prompted
by wage schemes on (W™, w]. If the principal removes (W™, W] from the wage menu and adds w~,
therefore, the types prompted by wage schemes on (W™, w] would adopt either (W™, e) or (W', ¢’).
Forallwe (W, W], [I(W, e) > I (w, ) because W™ is to the left of w on the same IC°(v*) below
the certainty line, and I1 (W', ¢’) > I (w, e) by continuity if w™ is sufficiently close to w. This means
that interim rationality would be violated if II (W', e’') > I (W, e). Q.E.D.

A path (of wage schemes) is a continuous function «:[0, 7] — Ri for some ¢ > 0. Given a
wage scheme w € IC*(v*) below the certainty line, a path k converges to W from above (below,
resp.) if k(0) =W and «(¢) lies above (below, resp.) IC*(v*) for all 7 € (0, 7]. Given a path « that
converges to W, for notational ease, let W = k(¢) for each ¢ € [0, 7] and let {W'} denote the whole
path k. A path {W}is C", n=1,2, ..., if the underlying function « is C" on [0, 7]: in this case let
Dw' = Dk(t), the first derivative of k(7).

Given a path {W'} that converges to w from above, due to Lemma A.1(c), for sufficiently small
¢ > 0 one can find two unique wage schemes x’ = (x}, ¥(x;)) and y' = (y;, ¥(y;)) on 1C*(v*)
below the certainly line, with x* left of w and y* right of W, such that the ¢*(x’, e)-type is indifferent
between (x', e) and (W', e) and the c*(y', e)-type is indifferent between (y’, ) and (W', e). Given
a path {W'} that converges to w from below, for sufficiently small # > 0 one can find two unique
wage schemes x' = (x;, 1If(x;,)) andy’ = (y;, qf(y;)) on IC’(v*) below the certainly line, with x’
left of w and y’ right of W, such that the c¢*(W, e)-type is indifferent between (x’, e), (W', e) and
(y', e). We may assume, by reducing 7 if necessary, that such x' and y’ uniquely exist for every
wage scheme W' = (i, ;) of a path: We refer to x' and y* as the left and right contact points
of W', respectively. Let A(f) = ﬁ); — x, and At = Ve~ 121; denote the horizontal distances from
w' to x’ and y’, respectively. It is clear from continuity of # and Lemma A.1(c) that

AMt)—0 and A(t)—>0 as ¢—0.
LEMMA A.4: If (¢, W, e) e supp(F) and W ¢ (w", w'}, then Fc((¢,¢+ €)) > 0 forall & > 0.
PROOE: Suppose, to the contrary, that Fc((¢, ¢ + €)) = 0 for some & > 0. One can find a

path {W'} above IC‘(v*|¢) and below the iso-profit line IP(W, e), that converges to w. For suf-
ficiently small ¢ > 0, both contact points, x' and y’, of W' are sufficiently close to W so that



MORAL HAZARD CONTRACTING 725

x',y € IC°(v*) NIC(v*) and ¢ < ¢*(x', e) < ¢ + e. If W is added to the supposed equilibrium
wage menu for such ¢, the used types that would switch to (W', e) from the supposed equilibrium
passages, are exactly those that are prompted by wage schemes in the arc [x’, y’] C IC°(v*). Since
we assumed Fc((C, ¢+ €)) =0, in light of Lemma A.1(c), all the used types that would switch
to (W', e) are contained in the interval [c*(y’, e), ¢]. Note that the wage schemes on IC’(v*) that
prompt these types are right of W, and the wage schemes on IC¢(v*), ¢’ 5 e, that prompt these
types are right of the wage scheme on ICY(v*), say w’, that prompt ¢. By Lemma A.3, this means
that (W, e) is more profitable than the wage schemes that these types would adopt in the sup-
posed equilibrium. Since I1(W', e) > II(Ww, ¢), therefore, every used type that switches to (W', e)
would increase the profit of the principal. Note Fc((c*(y’, ), ¢]) > 0 because ¢ € supp(Fc), yet
Fc((¢, ¢+ ¢€)) = 0. Hence, adding w' to the wage menu would indeed increase the expected profit
of the principal, violating the interim rationality. Q.E.D.

LEMMA A.5: There is an arc (", W) C IC" (v*) such that (i) II(W, k) > IT(w*, £), (ii) supp(F")
is dense on (W', w), and (iii) for every w € (W', W), c*(w, h)-type adopts only (w, h) in equilibrium.

PROOF: The first step is to show w" € supp(F"). Let w denote the left-most wage scheme
in supp(F"), i.e., proj(w) = min{proj(w)|w € supp(F")}. Then, IT(W, h) > II(w*, ¢) for other-
wise, (w', £) is more profitable than any other wage scheme-effort pair adopted in the equi-
librium; hence the principal could increase the expected profit by offering a singleton wage
menu {w'} in the interim stage so that the agent would adopt (w*, £) with certainty. If W # w”, by
Lemma A.4 one can find an arbitrarily small arc (w', w') C ICY (v*) such that ¢*(W', £) = c* (W, h)
and F‘((w',w’)) > 0. This, however, contradicts Lemma A.3 because II(W', £) < II(w*, £) <
II(w, h). Hence, we conclude w = w" and consequently, w" € supp(F").

As the next step we show that w” is not isolated in supp(F") in the next three paragraphs.
Suppose otherwise, i.e., there is an arc (w",w) C IC”(v*) of wage schemes that are not used.
Since IT(w", h) > I1(w*, ¢) by (24), Lemmas A.1 and A.3 imply that ¢’ is the only used type in
a small neighborhood, say (¢, ¢”) 3 ¢". If ¢ = ¢* in this case, let ¢ denote the maximum used
type that is not an isolated point in supp(Fc): ¢ exists because supp(Fc) is compact and assumed
infinite. Then, there is a passage (¢, W, ¢) € supp(F) such that w ¢ {w’, w"} and F¢((¢,¢4¢€)) >0
for sufficiently small & > 0, contradicting Lemma A.4. Hence, ¢” # ¢’ in this case.

If w' ¢ supp(F"), i.e., (W", £) is not used, there is a small neighborhood of w” in which w" is
the only used wage scheme. Since the wage scheme on IC‘(v*) that prompts the c”-type, if it
exists, is not in supp(F¢) by Lemma A.3, this implies that the highest expected utility level the
¢"-type may derive from any other used wage scheme is bounded away from v*. Therefore, if the
principal replaces w" with w" — (&, &) for sufficiently small & > 0, by continuity the ¢”-type would
adopt (w" — (&, &), h) over any other used wage scheme in the wage menu and over the outside
option because ¢” # c¢. This would increase the principal’s expected profit, contradicting interim
rationality.

If w" € supp(F*), i.e., (W", £) is used, the ¢*(w", £)-type may adopt at most two passages in the
supposed equilibrium, namely, (w", £) and (w', 1) where w' is the wage scheme on IC"(v*) that
prompts ¢*(w", £). If w' is indeed used, then IT(w", £) = II(w', h) by Lemma A.3. Furthermore,
no wage scheme on IC" (v*) to the right of w' is used: otherwise, the principal could increase the
profit by removing such wage schemes from the wage menu, for the the agent will then switch to
other wage schemes in the menu, all of which are more profitable than the deleted ones because
II(w", £) = I1(w', h) and the wage scheme becomes more profitable as it moves toward the cer-
tainty line along IC* (v*). In light of these observations, we deduce that the principal can increase
profit by removing all wage schemes that types in [c*(W", £), ¢*(W", £) + &) are supposed to adopt
in equilibrium and adding the wage scheme on ICY(v*) that prompts ¢*(w", £) + &, denoted by w?,
for sufficiently small & > 0: Then, all used types in [c*(W", £), c*(W", £) + &) would adopt (w?, £)
and the ¢"-type would adopt (w?, h), and all these switches increase the expected profit. This
establishes that w" must not be isolated in supp(F").



726 IN-UCK PARK

Therefore, there is a used ¢ < ¢ sufficiently close to ¢” such that c® ¢ (¢, ¢*) and the wage
scheme on IC"(v*) that prompts ¢, say W, is close enough to w” to ensure IT(W, h) > IT(w’, £).
This establishes the property (i) in the lemma directly; it also establishes the property (iii)
in conjunction with Lemma A.3. To show property (ii), note that if supp(F"*) was not dense
in (w", W), i.e., there was an open arc, say (w',w”) C (w", W), disjoint from supp(F"), then
¢ = sup{c € supp(Fc)|c < c*(w”, h)} would exist because {c € supp(Fc)|c < c¢*(w”, h)} con-
tains ¢, hence is nonempty. Since ¢ € supp(F¢) because supp(Fc) is compact and ¢ # ¢ because
¢t ¢ (¢, ¢), this would contradict Lemma A.4. This completes the proof. Q.E.D.

Throughout the Appendix we use (w",W) to denote the arc on IC"(v*) characterized in
Lemma A.5. We will define deviations of the principal relative to wage schemes on this arc, using
paths converging to them. The next lemma states some useful relationships between A(?), (D)
and ¢ for such paths, which we prove at the end of the Appendix for smooth flow of discussion.

LEMMA A.6: Consider a path {W'} that converges to w = (l,, ¥(i,)) € IC°(v*) below the cer-
tainty line. If it converges to W from above,

If, in addition, the derivative DW'|,_y = (ay, a;,) € R? exists and satisfies (ag, ap) - DyV (W, €) > 0,
where D,V (W, e) is the gradient of the value function, defined in (7), evaluated at w, then

t s ‘%(ﬁfg) - q’”(wg)

26
(26) A 2ap — ¥ (Wy)ay)

>0 as t—0.

If (W'} is a C? path that converges to W from below such that the derivative DW'|,_o = (a,, ay,) satisfies
(ag, ap) - DyV (W, e) <0, then

AD 1 P i) — W (i)

@7) O AO2 T 2ap — V(o))

>0 as t—0.

The proof is provided at the end of the Appendix.
LEMMA A.7: No wage scheme on the arc (w", w) C IC"(v*) has a point mass.

PROOF: Suppose, to the contrary, that w € (w", w) has a point mass m > 0. One can find a
path {W'} on the interim indifference curve IC" (v¥|c* (W, h)), left of w, that converges to W from
above. Let x‘ and y* denote the left and right contact points of w'. Note that y* = w for all ¢ by
construction. If the principal adds w’ to the wage menu and removes x’ and y’ for small ¢, then the
c*(w, h)-type would adopt (w', h) for every w € [x', y']. The switch by the ¢*(W, h)-type generates
a profit gain: Since A1) = W, — ﬁ); and W, — W, = w;v(wgﬁ\(z) + o(A(0)) by Taylor’s theorem
(see, e.g., Buck (1978), p. 148) where o(A(1)) is a function that is negligible relative to A(z) in the
sense that lim;m%n(o(;\(t))/;\(t)) =0, this gain is

(P"A0) + (1 = P (W, () A + 0(A(1))))m.

Among other types that switch, the c*(x’, h)-type incurs the largest profit loss which is calculated
similarly. Hence, the loss is bounded below by

(=p" M) — (1= p") (W (XDA) + 0 (A1) (F" (X', W]) — m),
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the maximum loss any switch may incur (i.e., the loss incurred by the c*(x’, h)-type), multiplied
by the measure of types that switch except c¢*(w, /). Hence, the net gain is at least as big as

5 A1) o h(phed w1y
A(r)[p R = (M 1) = m)
LA .
+(1- p%(%(wg)—AEgm W () (PRI W) — m))]

as t — 0. The value in the big bracket converges to (p" 4 (1 — p")l/f}v(ﬁ)g))m > (0 as t — 0 because

F'([x',W]) = F"({w"}) = m and A(¢)/A(f) — 1 by Lemma A.6. Hence the net gain is strictly
positive for sufficiently small ¢, violating interim rationality. Q.E.D.

The rest of the Appendix evolves around the profitability of the two kinds of deviations by the
principal described below. We introduce some notational conventions at this point. In light of the
obvious one-to-one correspondence between IC (v*) and proj(ICh (v*)) C R, we now treat F" as
a cumulative distribution function defined on proj(ICh (v*)) in the obvious way:"!

F"(wg) = F"({w € IC" (v)| proj(w) < w,}).

Since the agent takes 4 in most of the discussions below, we let p = p” in the sequel. We use o(-)
to denote a function that is “negligible relative to its argument” in the sense that the ratio of o(-)
to its argument converges to 0 as the value of its argument tends to 0.

Given a wage scheme W = (i, ¥(i,)) € (W', W) C IC" (v*) where ¥ is the implicit function
for IC" (v*), consider an arc I,(W) = {(wg, ¥(w,))| Wy < w, < W, + A} on IC"(v*) of horizontal
length A > 0. Let c¢j, (15(W)) = {cj(wg) |0, < w, < W, + A} be the set of types that wage schemes
on I4(w) prompt. Consider IC" (v* + 1) for small ¢ > 0. Since ¢*(-, h) monotonically decreases as
the wage scheme moves away from the certainty line both along IC" (v*) and along IC" (v* + 1) by
Lemma A.1(c), for each given w = (w,, w;) € I,(W) there is a unique wage scheme on IC (v* +
1), denoted by w', such that cj,(w,) = ¢*(W', h). It is clear by definition that {w'} is a path that
converges to w from above, and that w' = (w;, wy ) satisfies the following two equations for all ¢

CCgnr??

(note that, for notational compactness, “w” in {w'} is used to denote the wage scheme on (", W)
to which the path {w'} converges, i.e., lim,_,o W =w = (w,, wp)):

(28) u(cy(wy)) + pu(wy — cp(wy)) + (1 — p)u(wj, — ¢y, (w,)) —d(h) =v* +t and
' (cy(wy)) — pu' (wy, — p(wy)) — (1 — p)u'(w), — ¢y (wg)) =0.

The first equation simply means that w' € IC" (v* 4 ) and the second one is the FOC at w'. Differ-
entiation of these two identities w.r.t. f generate two equations that involve dw; /dt and dw;,/dt.
By solving these two equations simultaneously, we obtain the derivative Dw' = (dw}/dt, dwj/dt)
as

dw; ” ' ” t 4 I
(29)  —F =)~ e we)) [p(u (1w — ¢ (wg)u' (w] — ¢ (wy))
— (= ¢ (we) " (w}, - ¢ (wp)))] " and
dw’t) o « oot * (b *
o =W - cy (e[ = p) (' (wy = €l (we))u' (w], — € (wy))

— u (wl — ¢ (wp))u (w — i (wy)]

F" is an “un-normalized” cdf in the sense that F”*(+00) > 0 may not be 1.
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Note that w' is C? because u is C*. For each given w = (w,, wy) € 14(W), by Taylor’s theorem

op(1)

where 0, (t) and o,(t) are negligible functions relative to .

The first kind of deviation is for the principal to offer I’y (W) = {w'|w € I,(W)} C IC"(U* + 1) for
some fixed ¢ > 0, in addition to the supposed equilibrium wage menu W, which we refer to as an
up-deviation at w € ICh(v*) for A by t. If such an up-deviation takes place at the interim stage,
each type cy,(w) for w € 1,(W) would switch from adopting (w, &) to (w', 1), incurring a change
in the principal’s profit that is calculated as follows due to (30):

(30) W =W+ (DW o)t + (Og(t)>,

—p- (W —w)=—(p-DW|,0)t + o(t) = E(wy)t + 0(2),
where p= (p,1— p) and
€3] Ewy) = (' (W(wy) — ¢, (wy)) — ' (wy — € (wy)))
x [ (wy — € (o)) (W (wy) — ¢ (wy))
— u(wg — ¢ (W) (W(wy) — ¢ (w))] ™ <.

The inequality &(w,) < 0 is straightforward from the definition of DARA.

In addition, such an up-deviation would induce types prompted by wage schemes slightly left
of W to adopt (W', /) as well. Specifically, let x" = (xj, ¥(x})) € IC"(v*) denote the left contact
point of w'; then the types prompted by wage schemes w on the arc [x', W] C ICh(U*) switch
to (W', h), each of them incurring a profit change of p - (w — w'). Similarly, types prompted
by wage schemes slightly right of W, = (W, + A, ¥(, + A)) would adopt (W, h). That is, let
y =( y;, v( yg)) € IC" (v*) denote the right contact point of w/,; then the types prompted by wage
schemesw € [W,,y'] C IC" (v*) switch to (W', h), incurring a profit change of p- (w—W/,). We con-
sider deviations by sufficiently small # > 0 such that no other used types switch to wage schemes
on I (W) from their equilibrium paths.

To sum up, an up-deviation at W e IC" (v*) for A by ¢ would induce types that were to adopt
wage schemes on the arc [x',y'] C IC"(v*) to switch to wage schemes on I{(W) C IC! (v* + 1).
This would incur a net profit change of

(32) N (W, A, t) E/ P ((wg, P(wy)) — W) dF" (wy)

[xg,ig]

+ tf E(wg) dF" (wy)
[ihg,ibg+A]

+f p~((wg,qf(wg))—Wf_,\)dF”(wg)-‘ro(t).
[ibg+4.yg]

We now describe a second kind of deviation. For a given wage scheme W € (w", W) consider
an arc I,(W) on IC"(v*) and ¢, (14(W)) as defined earlier, but a lower ex ante indifference curve
IC"(v* —s) for small s > 0. As before for each given w € I,(W) there is a unique wage scheme
on IC" (v* — s), denoted by w*, such that cj,(w) = c¢*(w*, h). It is clear from definition that {w°}
is a path that converges to w from below, and that w' = (wy, w;) satisfies the two equations in
(28) with “+¢” replaced by “—s” on the right-hand side of the first equation (and the superscript
t replaced by s). It is straightforward to verify that, as a consequence, the derivative

d )

Dw'=| —
v (ds’ds
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is calculated as the formulae on the right-hand side of (29) but with opposite signs (and the
superscript ¢ replaced with s) and, therefore, w* is C? because u is C*.

The second kind of deviation is meant to induce each cj, (w)-type agent to adopt (w’, /) for
w € I,(w). For this, however, not only do the wage schemes on /,(W) need to be replaced with
IL(W) = {Wlw e I,(W)} C IC"(v* — s5) but other wage schemes in the equilibrium wage menu W
that any type in ¢, (I,(W)) prefers to wage schemes in I’ (W) need also to be removed. Specifically,
let x* € IC"(v*) denote the left contact point of W’ and let y° € IC"(v*) denote the right contact
point of W, where W, = (W, + A, W (i, + A)). For sufficiently small A > 0 and s > 0 such that
¢, (Is(W)) 3 ¢, adown-deviation at W for A by s refers to the following manipulation: the principal
removes all wage schemes on the arc (x*, y*) C IC" (v*) from the supposed equilibrium wage menu
W and adds I} (W) C IC"(v* — 5) and x° and y*, i.e., offers the wage menu (W \ (x*,y*)) UI{ (W)U
{x*,y'}

If such a down-deviation takes place at the interim stage, each type c;, (w) for w € 1,(W) would
switch from adopting (w, &) to (w*, h). By the same reasoning as before, for sufficiently small
s > 0 the change in the principal’s profit from such a switch is calculated as

—p- (W—w)=—&(wg)s + o(s),

where &(w,) is as defined in (31) above. Since {(w,) < 0 as argued above, this constitutes a profit
gain for the principal. In addition, it would induce types prompted by wage schemes on the arc
(x*, W] to switch to (x°, &), and induce types prompted by wage schemes on the arc [W,, y*) to
switch to (y°, h).

To sum up, a down-deviation at w € IC”(v*) for A by s > 0 would induce types that were
to adopt wage schemes on the arc [x*,y'] C IC”(v*) to switch their wage schemes as explained
above, which would incur a net profit change of

(33) Ny (W, A, s) = / P ((wy, P(wy)) — x°) dF" (w,)

[ g

_ s/ E(wy) dF" (w,)
[g,ibg+A]

4 / p- ((we, W(wy)) — y') dF" (wy) + 0(s).
[g+A4,yg]

A.3. F" Should Have a C* Density Function

Note that F" is continuous on proj(w", w) by Lemma A.7. Since F" is of bounded variation,
by Kolmogorov and Fomin (1970, Corollary 1, p. 331),

(A) an associated density function, denoted by f, exists and is finite almost
everywhere (a.e.) on proj((w", w)).

In this section we show that the density function f in fact exists and is C? everywhere on
proj((w", w)). To do so, we re-express the net profit changes from up- and down-deviations de-
rived in (32) and (33) above in terms of “right-density” f*(w,) and “left-density” f~(w,) defined
below, which exist at least a.e. on proj((w", w)) by (A):

F''(wg + 8) — F'(w,)

+ — i

fH(wy) = 1;?01 5 and
_ T Fh(wg)_Fh(wg_S)

[ (wy) = 1;%1 3
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if they exist (i.e., are well defined and finite). Note that f*(w,), f~(w,) > 0 if they exist. Then,
from the equilibrium requirement that the net profit changes must be nonpositive for all such
deviations, we show that f must be C? everywhere and derive a first-order differential equation
that f should satisty. This process consists of several lemmas. We start with a technical result,
which we prove at the end of the Appendix for smooth flow of discussion.

LEMMA A.8: For W, € proj((w", w)), if f*(W,) exists, then

A
/ (w — iby) dF" (w) = %5%0(52), and
[ibg g +5]
if f~(W,) exists, then
/ (w — 1) dF" (w) = w#—i—o(ﬁz).
[ty —5,ibg]

The proof is provided at the end of the Appendix.
Since (wg, ¥(w,)) — W = (w,, ¥(w,)) — W+ W — W, the first integral of (32) is

(34) / P ((wg, P(wy)) — W) dF" (wg) +p - (W —W) dF" (wy).
[x. ] [ g

The latter term of (34) is negligible relative to ¢, i.e., an o(t) function, because w — w' is first-
order approximated by a linear function of ¢ due to (30) and || dF"(wg) = F" (i) — F" (x},)

[xG,g]
vanishes as ¢ — 0. By Taylor’s theorem,

q,//(wg)
T

(wy — W) + o(w, — ﬁ)g)2)).

If f~(i,) exists, [

[xg, gl
it is negligible relative to ¢, i.e., an o(¢) function, due to (26) because A(f) = w, — X, +agt, where
a, = dy/dt|,—o. From (34) and (35), therefore, the first integral of (32) is calculated as

(wg — 1b,)* dF" is negligible relative to (i, — x5)* by Lemma A.8; hence

(36) / p- ((wg, ¥(wy)) —W)dF" + o(t)
g, g]

=(p+a- p)ll”(vi)g))/ (wg — W) dF" 4 o(1)

[xg,ibg]

_ ) (p+ (- P;?”(ﬁ)g))(x; —y)? +oh)

_ —tf (W) (p+ (1 — PV ()
(1= pyw (¥ (W) — ¢ (W) (Y (Wg) — W7 (1))

+ o(?).

Here, the second equality follows from Lemma A.8 and the third one follows from (26) because
(xh — W,)* = A(1)* + o(¢) by definition of A(¢) and a, — ¥'(ib,)a, is straightforwardly calculated
to be the inverse of (1 — p)u'(¥(,) — ¢, (W,)) due to (19) and the fact that, in the current case,
ag = dy/dt|.—o and a, = dib, /dt|,—, as defined in (29).
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Similarly, if £+ (i, + A) exists, the last integral of (32) is calculated as

iy + A (p+ (1 - )V +4))

37 - = —
(37) (1= puw(V(wy + A) — c*) (Pl (W, + A) — V" (g + A))

+ o(t).
Consequently, the net change in profits from an up-deviation at w for A by 7 > 0 is

69 N An=(f e+ [ ewar
[

g, g +A4]
+ (g + A)p (i, + A)) +o(1),

where p(-) represents the coefficient of #f(-) in (36) and (37), i.e.,

(p+ 1= p)¥(wy)) -0
(1= pyu' (W(wy) — c*) (P (wg) — V" (wg)) ~

That p(w,) > 0 follows from Lemma A.2 because p + (1 — p)¥'(,) > 0 by (19).

Analogous calculation applies to a down-deviation at w for A by s: The first integral of (33) is
calculated as sf~ (W,)p(W,) + 0(s), and the last integral of (33) is —sf* (W, + A) p(W, + A) + 0(s).
(Recall that we verified that w* is C?; hence (27) applies.) Therefore, if f~ () and f* (i, + A)
exist,

(39  plwy)=

40)  Na(W,A,s) = s(f*(w@p(wg) [ ewpar
[

W, g+A]

— (g + Dp(Wy + A)) +o(s).

LEMMA A.9: For all W, € proj((w",w)) and A > 0 such that f~(W,) and f+ (i, + A) exist,

(41) [ () p(y) —/ ) E(wy) dF" — f* (g + A)p(y +4) =0 and
[ig,Wg+4]
(42) () = lim £ (i + 4).

PROOF: Let W = (w,, W(,)). Note that the coefficient of ¢ in (38) is identical to that of s
in (40), but with the opposite sign. If (41) fails for some W, and A, therefore, either N*7(w, A, t)
is strictly positive for sufficiently small ¢ or N,, (W, A, s) is strictly positive for sufficiently small s.
This would mean that either an up- or a down-deviation at w for A by ¢ (or s) is profitable for the
principal for sufficiently small ¢ (or s), violating interim rationality. Hence, (41) must hold.

Since £(-) and F"(-) are continuous in proj((w", w)), f[mg,mgw] E(wg)dF" — 0 as A — 0. To-
gether with (41) this means f* (W, + A)p(W, + A) — f~(W,)p(W,) as A — 0. (One can find
arbitrarily small A > 0 such that f* (i, 4+ A) exists because f is defined a.e.) Since p(-) > 0 is
continuous, (42) follows. Q.E.D.

LEMMA A.10: For every W, € proj((w", w)), if {w,} and {w),} are two sequences that converge to
W, such that f(w),) and f(w)) exist for all n, then lim,,_. ., f(w,) =1lim,_, », f(w) # Fo0.

PROOF: Consider an arbitrarily sequence {w),} that converges to a point W, € proj((w", w))
such that f(w),) exists for all n. If {f (w),)} either has a subsequence that diverges to oo, or has two
subsequences that converge to different limit points, then one can find 6 > 0 and w} and w/ arbi-
trarily close to each other such that | f (w;) — f(w})| > 6. This contradicts (41) when min{w;, w’} is

the “ib,” of (41) and A = |w]; — wj|: since &(-) and F"(-) are continuous, flmg,mﬂm E(wy)dF" -0
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as A — 0; hence (41) is violated for w; and w; sufficiently close to each other because p(-) is
continuous. Therefore, we conclude that lim,,_, , f(w),) exists and is finite.

For any other sequence {w/} that converges to the same point w,, lim,_., f(w]) also exists
and is finite by the same reason if f(w/) exists for all n. If lim,_. o f(w,) and lim,_« f(w])
differ say by 6 > 0, then w), and w;, get arbitrarily close while |f(w)) — f(w))| > 6/2 as n — oo,
contradicting (41) by the same reasoning as above. This proves the lemma. Q.E.D.

LEMMA A.11: The density f exists and is continuous everywhere on proj((w", w)).

PROOF: Fix arbitrary i, € proj((w", w)). Let W = (i,, ¥(i,)) € (w", W). First we show that

F' (W, +6,) — F'(u
(43) #{6,) such that 6,— 0 and (1 + 8) (1) —> 00 as n— 00.

We prove (43) for the case that §, | 0. (The other case is proved analogously.) Suppose, to the
contrary, such a sequence {5,} exists. For each n, consider the sequence of the ratio

Fh(wg + Bil/zk) - Fh(ﬁ)g + an/2k+1)

44
(“44) 5,72~ 5,/20+1

for k=0,1,....

For each n, there must exist a first integer k(n) such that this ratio exceeds
(Fh(ﬁ)g + 5)1) - Fh(ﬁ)g))/(zan)
when k = k(n), for assuming otherwise would imply

Fh(ﬁ)g + 8n) - limwlﬁ)g Fh(w) < Fh(ﬁ)g + 6/1) - Fh(ﬁ)g)
lim, 3, (Wg + 6, — w) - 26, ’

which is impossible because F” is continuous at w,. Consider the sequence {&,}, where &, =
8,/2k" foralln=1,2,.... Clearly, &, — 0 and

Fh(ﬁ)g + 8,1) - Fh(ﬁ)g + 8,,/2)
—
£a/2

oo as n— o0

(45)

because this ratio is the ratio in (44) when k = k(n), which exceeds
(Fh(ﬁ)g + 5)1) - Fh(ﬁ)g))/(zan)

by construction, and this last ratio explodes to oo by our supposition on {§,}.

Consider an up-deviation at w, = (W, — 4, ¥(W, — A)) € (W', W) for A by ¢, such that
f(, — A) exists and proj(y”) = ysf" = W, + &,, where y” is the right contact point of W". Since
the first integral of (32), applied to this up-deviation, is —¢, f (W, — A)p(W, — A) as per (36), the
net change in profits from this up-deviation is

(46) N (Wy, A, 1)
=—t, [f(wg —AD)p(id, — A) —/ ) E(wg) dF"

g—

- P ((wg, W(wy)) — W) dF" + M]

tn (g, g+en] n
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Note that

1 .
— p- ((w, ¥(wy)) —Wn)dF”"

Iy Jing,ivg+en)
1 .
> — p ((wg,llf(wg))—w’”)dF”

t, [tg+ %4, ig+en]

1 n A n A A A
>—p~<<ﬁ)g+8—,1l’<wg+8—>>—w+w—w’">/ dr"
ty 2 2 libg + 5 g +-e0]

En J A
=7 (p+(1—p)‘1’(wg))/ dF" + o(t,)
n [+ Gt ,ibg+en)
f Fh lb + n _Fh 12) + Zn
B (- pry) SR )
21, e
Att,)? o Pt 8,) = PR+
> = (p+ A= py¥any) . +o(t,)

—> 00 as n— Q.

Here, the first two inequalities are obvious, the first equality follows from Taylor approximation
of ¥ (i + (¢,/2)) and the fact that p- (W —W") i . dF" is negligible relative to f,,

the next equality is a matter of definition, the next inequality holds because &, = y» — w, =

At) + W, — W > A(t,), and the final convergence is due to (26) and (45). Hence, (46) is strictly
positive for large n, violating interim rationality. This proves (43).
Next, we show that

@7 Fw,) (w))suchthat w,—>d,, w,—> i, and
fawp — fw))

— 00 as n— oQ.

w;, — w,
Suppose, to the contrary, that such sequences {w),} and {w;,} exist. First consider the case that the
ratio

fwp) = fw)

i gy
wy wy,

0.

By taking a subsequence if necessary, assume without loss of generality that w), < w/,. Consider
an up-deviation at w, = (w,,, ¥(w,)) for A, = w, — w;, by ¢. The net gain from this deviation,
divided by tA,,, converges to

Nup(w:l’ Ans t)

e
= L g 4 gy T SOy,
Since p(w!) = p(w,) + p'(w,)A, + 0(A,) by Taylor’s theorem, we have
IO g+ L gy
iy IO | (g 1 %)
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which explodes to oo by our supposition on (f(w;,) — f(w,))/(w, — w,) because p(-) > 0 by (39)
and the sequence {f(w/)} converges by Lemma A.10. Since (F"(w!) — F"(w)))/A, is bounded
above by (43), therefore, (48) becomes strictly positive for sufficiently large #, violating interim
rationality. For the other case that the ratio

2 /
fwp—faw)
w; — w,
an analogous argument for down-deviation at min{w;,, w;} for A, = |w/, — w,,| leads to the same

conclusion. Hence, (47) is proved.
Thirdly, we show that ¥ 1, € proj((w", w)),

. F"(ib, + 8) — F" (1)
m

h () _Fheyyy _
(49) l jm £ (We) = FP(0; = 8)

=l

B 510 ) oo

To prove this, first we show lims,o(F" (i, + 8) — F"(1,))/8 exists. By (43), there is a sequence
6, 4 0 such that this ratio converges to say a € [0, co). To reach a contradiction, suppose there is
another sequence ¢, | 0 such that this ratio converges to another number b, i.c.,

Fh A _Fh "
b— lim (Wg + &,) (wg)'

n—oo &En

We may assume b > a. Let f = lim,_.. f(w;,) for all sequences {w/} that converge to w, such
that f(w),) exists for all n. The value f exists and is unique by Lemma A.10. Let

f =lim sup w

310 (U<5§5\f(1bg+5)exists)

>

which is well defined because f exists a.e. Furthermore, f” is finite by (47).
First consider the case that

' Gby) + fpGidy)

b
- ()

s Loy

fo/ () + fp(iy)
E(tog)

For any 60 € (0, b), one can find n large enough so that

(50) b=— + B for some B > 0.

F"(g + &,) — F"(Wy)

En

>b—0,

and furthermore, find A’ > &, arbitrarily close to &, such that f (i, + A") exists,

F' (i, + A') — F" (i)
>

b—0
A/

and f(w, +4) < f—i— (f’ + 0)A’, so that

f(ﬁjg + A')p(ﬁ)g + A"
< (f+(F +0)A) (p(idy) + p' () A + 0(4))

= fp(iy) + (fp' () + (F + 0)p(i)) A + o(A).
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By taking large enough n (hence, small enough ¢,), therefore, one can ensure that

Q) g + A)p(g + A) < fp(ie) + (£ (g) + (f + 0)p(ig)) A + A

for arbitrarily small n > 0.
Note that one can also find sufficiently small A” > 0 such that f(, — A”) exists and, by

Lemma A.10, f(w, — A”)p(w, — A”) is arbitrarily close to f p(w,), in particular,
|f (g — A")p(tog — A") — fp(i)| < nA'.
Together with (51), this implies that
(52) [y —A)p(by — A”) — f(iby + A)p(y + 4)
~(fp/ o) + (' + 0)p(iby)) A — 2mA.

In addition, since &(wg) = é(Wy — A") + &' (W, — A")(wy — We + A”) + o(w, — W, + A”) by
Taylor’s theorem, denoting A = A’ + A” we get

/ &(wy) dF"
[thg— A" ig+4']

= &y, — A (F" (g + A) — F* (o, — A")) + 0(4)
< E(iby — A" (F"(ibg + A') — F" (i) + 0(4)
<&@, — A"Y(b— 0)A + o(4).

Here, the equality follows because f libg— A" g+ (W — + A")dF" is an o(A) function by

Lemma A.8, the weak inequality follows because F is increasing and &(-) < 0 by (31), and the
final inequality follows from the choice of A’ explained above and &(-) < 0. Hence, A" and A”
can be chosen sufficiently small so that fw g A E(wy) dF" < £, ) (b — 6)A" + nA. Together

with (52) and &(,)b = —(fp (wg) + f’ (Wg)) + BE(W,) by (50), this has the following impli-
cation on the profit change induced by a down-deviation at W, = (W, — A", ¥ (i, — A")) for
A=A+ A" by s: according to (40),

14 Ndn(WZ//, A,S)
m-——-—————
540 S

= fi, ~ 4"p(ib, ~ 47 - £w,) dF" — [, + A)p(id, + A)

[l — A", g +A']
> — &) (b — OA — (fp () + (f + 0)p(idy)) A —3nA - na”
= (—€@y)b — fp'(y) — fp(ig)) A’ + B(£(ty) — p(iy))A —3nA' — A"
= (fp/ Gbg) + [ pidy) — BEGDE) — [/ (i) — ' p(i)) A’

+ 0(£iy) — p(iby)A — 3nA — nA”

A
( BE(Wy) + 0(£(wg) — p(g)) — 30 —n— )A’

which is strictly positive for sufficiently small 6, , and A” < A", because 8 > 0 and £(-) < 0. (One
can always choose A” smaller than A" because the values of 0, A’, and n place no lower bound on
A” other than 0.) This violates interim rationality.
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For the case in which a < —(fp’(wg) —+ f_’p(ﬁ)g))/f(ﬁ)g), an analogous argument on the up-
deviation at w,, for A = A"+ A” leads to the same conclusion. Since this case and the case of (50)
cover all possibilities, we established that

F (i, + 8) — F' (1)
5

T(W,) =lim
£+ (i) =lim
exists and is finite. That

F!'(tbg) — F"' (b — 8)
5

fi(ﬁ’g) = 131{%1

exists and is finite, can be established analogously. Then, (49) follows from (41) when A =0,
which proves that the density f exists everywhere on proj((w", w)).

It remains to show that f is continuous everywhere on proj((w”, w)). To reach a contradiction,
suppose f is not continuous at w,. Then, by Lemma A.10, f(i,) > lim,,_.4, f(w) or f(i,) <
lim,, 4, f(w), contradicting (42). This completes the proof. Q.E.D.

LEMMA A.12: The density f is differentiable everywhere on proj((w", w)).

PROOF: We need to show for each W, € proj((w", w)) that both lims o (f (W, + 8) — f(,))/5
and lim; o (f(Wg) — f (W, — 8))/8 exist (and are finite) and are equal. Consider limso(f (W, +
8) — f(i,))/8 first. By (47), this ratio is bounded above; hence there is a sequence &, | 0 such
that this ratio converges to say a € R. Then,

f(&)g + 5;1)P(ﬁ1g + Bn) = f(ﬁ)g)p(ﬁ)g) + (ap(wg) +f(&)g)pl(wg))5n + 0(811)~

Furthermore, since f and ¢ are continuous everywhere on proj((w”, w)),
| ewpart = giss, + oo,
[ibg, g+50]

Therefore, equation (41) for A =§,, is

To show that limgo(f (W, + 8) — f(w,))/d exists, it suffices to show that lim,,_, o (f (W, + &,) —
f(,))/e, = a for every sequence ¢, | 0. To reach a contradiction, suppose there is a sequence
&, | 0 such that this limit is b # a. We may assume b > a. (Due to (47), one can ensure by taking a
subsequence if necessary that b exists and is finite.) By the same reasoning as above, equation (41)
for A=g,is

(54) (g(ﬁ)g)f(ﬁ)g) + bp(ﬁ)g) + f(ﬁ)g)p/(ﬁ)g))sn + 0(‘9;1) =0.

For (53) and (54) to hold simultaneously for sufficiently large n, the coefficient of 5, in (53)
and that of ¢, in (54) must coincide, i.e., a = b must hold. This establishes that f"*(,) =
limg o (f (W, + 8) — f(W,))/8 exists and is finite. That '~ (W,) = lims o (f(W,) — f (W, — 8))/8
exists and is finite, can be established analogously.

Finally, suppose f'* () = a # b = f'~(,). Then, (41) for i, for 8, is the same as (53). On
the other hand, since

/ Ewg) dF" = £(idg) (D)3, + 0(5,)
lirg — 0.1

and

f(ﬁ)g - Sﬂ)p(ﬁ)g —8,) = f(ﬁ)g)p(lbg) - (bp(ﬁ)g) +f(ﬁ)g)p/(lbg))5n +0(5,),
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the equation (41) for @, =W, — 8, and A’ = §, is

(55) — (&) f(ag) + bp(g) + f (W) (1)) 8, + 0(8,) = 0.
For (53) and (55) to hold simultaneously for sufficiently large n, it is again necessary that a = b,
ie., £ () = f'~(i,) # Foo must hold. Q.E.D.

LEMMA A.13: The density f is C* everywhere on proj((w", w)) and
(56) f/(We)p () + f(Hg)(p (W) + €(ig)) =0 for all Wy € proj((w", W)).
PROOF: Given an arbitrary point W, € proj((w", w)), f(w) is first-order approximated as'?
Jw) = f(Wy) + f () (w — W) + o(w — Wy)
for w near w,. The left-hand side of the equation (41) is then calculated as

F)p () — (f(Wy) + f (W) A+ 0(4)) (p(iy) + p' (W) A + 0(4))

We+4
—[ (£(g) + & (g) (w — ) + o(w — )

x () + /(W) (w — ) + o(w — W) dw

=—(f'(Wy)p(Wy) + f(We)p' (W) + f (W) E(M)) A+ 0(A).

For this to vanish for all A > 0 as required by (41), (56) is necessary. Since f is differentiable by
Lemma A.12 and p, p’ and £ are C! because u is C%, it follows from (56) that f” is differentiable.
This is possible only if f is continuous, i.e., f is C'. Hence, it further follows from (56) that f” is
also C'. Q.E.D.

A.4. Conclusion of the Proof

We showed above that any equilibrium passage distribution must have a C? density function f
that satisfies (56) on an arc (w",w) C IC"(v*). The condition (56) is obtained to ensure that
the first-order effect is nil for all small up- and down-deviations, which is necessary for them
to be unprofitable for the principal. In this final section we conclude the proof by showing that
for generic u there exists some up- or down-deviations that are profitable for the principal due
to higher-order effects; hence such a density would violate interim rationality and fail to be an
equilibrium.

For use in intermediate steps, we first describe a hypothetical situation that the agent of var-
ious types, instead of following the supposed equilibrium path represented by a density f that
satisfies (56), adopts wage schemes on slightly higher ex ante indifference curves.

Let ¥ (w,) be the implicit function for the ex ante indifference curve IC"(v*). Given 7 > 0,
let ¥, (w,) be the implicit function for ICH (v* + 7); let Cy, (wg) = c*(wy, V¥, (w,)) be the optimal
type for the wage scheme (w,, ¥;(w,)) € IC”(v* + 7) and the effort level 4. Define a function
Ky :proj((w”, w)) — R, such that (w,, ¥(w,)) € IC"(v*) and (13 (wy), Vr (kg (wy))) € IC" (v + 1)
prompt the same type. Denoting w} = j (w,) for notational compactness, ¢y, (w,) = ¢y, (w;). De-
fine a density f;: {wilw, € proj((w", w))} — R, as Jr(wg) = f(wy), that is, f; is the density that

2Since f is not shown to be continuous, yet, we assert this approximation as an implication of
the definition of f'(w,) rather than the Taylor’s theorem.
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would result if the agent, having obtained the type according to f, adopts the wage scheme on
IC"(v* 4 7) that prompts the same type. Let f/(-) be the derivative of f,.
By construction of f;, for each w, € proj ((w", w)) we have

07 = tim fr(g + &) = fr(p) i £ + &) — [ ()
T g8’ — - »

=0 & =0 &
where & is such that ¢}, (W, + &) = ¢;, (W} + ¢). Since
Cy(Wy + &) = ¢ (W) + ¢y (W )& + 0(2) and
63,7(121; +é&)= c@f(ﬁ};) + c;,’f(ﬁ);)s +o(e)

by Taylor’s theorem and cj, (W) = ¢, (ﬁ);) by construction, it further follows that

[l +8) — f(wg)> ¢y, (Wy)

61 pp —tim( L = i) .

Define the functions ¢, (w,) and p,(w,) for (w,, ¥.(w,)) € IC(v* + 1) analogously to (31)
and (39), respectively. Then, for W, € proj((w”", w)) we have

d . . e o
(58) 27 (RGP, (D) + [ (p, (D)) + &),

. (Wp)
<f( W) e )Pf(w D)+ [ () (pr (g) + £- (W )))

_ p'(Wy) + £(1,) o
=fo 7 (p(wg)c (W)

7=0

s

=0

v (W) p- (W) + (pr (W) + & (g )))

where the first equality is due to (57) and the second equality is due to (56) and f (i,) = f;(0).
As indicated earlier, we will show below that a density f that satisfies (56) on the arc (w", W) C

IC" (v*) fails to be an equilibrium for generic u. Specifically, we first show that such a density
would necessarily violate interim rationality as long as the following two conditions hold:

p(wg)"_g( g) */ AT A ok
(59 (7’)(%)6 (iop) (W) p-(Wy) + (pr (W) + & (W )))LO#O at Wy = wy,
and
(60) Blib,) = A=—p)¥" @)  2(p+ (1= p)W () (p' (W) + £(Wy))

o) =

3 3p(wy)

l//;{,(ﬁ)g) - 1I///(ibg)

— . DwW' = —~
(p- DW'|i0) (ay— V' ioy)ay)

p h
#0 at w,=w,

where (a,, ay) = DW'|,~o, the derivative of the path of wage schemes on IC/’(v* + t) that prompt
the same type as w € IC" (v*) evaluated at ¢ = 0. Then, we complete the proof by showing that
these two conditions indeed hold for generic u, i.e., for all u in an open and dense subset of C*
utility functions that show DARA.

In this Appendix we provide an analysis for the case that the derivative on the left-hand side
of (59) is strictly positive at W, = wi}, which we assume hereafter. (The analysis for the other
case is analogous.) Consider a density function f that satisfies (56) on proj((w", w)). Then, since
the left-hand side of (59) is continuous in 1, for W, € proj((w", w)) sufficiently close to wf the
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derivative in (58) is strictly positive as long as f(@,) > 0 which is indeed the case for W, in an
open dense subset of proj((w", w)) by Lemma A.5. Together with (56), this implies that

FLD]) - (0] + £ (0] (0, (107) + & (D)) > 0
for generic W, in a small interval (wg,’, w') C proj((w", w)) and sufficiently small 7 > 0. Conse-
quently, for w, € (wg’, w') and sufficiently small A > 0 and 7 > 0, we have

wi+A

(61) Ay, A) = / Fr(we)pr(we) + fr(we) (pr(we) + & (wy)) dwy

w+4
= £, + A)p, (I + &) — £, (07 p, (07 + / R (wg) du, 0.

In Section A.2 we defined an up-deviation for F* on IC" (v*), which we now extend in the obvi-
ous way for the distribution represented by the density f, on IC"(v* + 7). For w = (W, VP (Wy)) €
(wh, W) c IC"(v*) recall that W™ = (g, ¥, (0})) € IC"(v* + 7) such that ¢*(W, h) = ¢*(W", h).
Consider an up-deviation at W™ for A > 0 by ¢. Let N(W", A, t) denote the net change in ex-
pected profit from this up-deviation. From (38) applied to f, on IC" (v* + 1), N#PW, A, t) =
A(y, A)t + o(t) and, therefore,

NP, A0 1

o(t)
12 t t

(A(ﬁ{;,A)——>—>oo as t—0

because A(ﬁ);, A) > 0 by (61). Hence, it follows from continuity of N**(W", A, ¢) that this limit is
nonnegative when A =0, i.e.,

. NPW,0,1)
(62) lim === 20

for all w, € (wé’, w') C proj((w", w)) and sufficiently small 7 > 0.

We now calculate N*?(W", 0, ) more precisely, i.e., beyond the first-order effects. Recall that
we decomposed the first integral of (32) into two integrals as in (34). Using Taylor approximations
of ¥, and f; near iy, the first integral of (34) for the current up-deviation is

(63) /, g[(p(w—ﬁ);)-i-(l—p)llf;(ﬁ);)(w—ﬁ);)

+ (1= p)W () (w — W)*/2) (f- (W) + f1 (W) (w — ) ] dw
+o((x, —wp))

: T 1— v (D"
_ L@+ d-p) ,(wg»(wg_x;)z

2
PRLCAIC AT +2(6p + (1= p)WL)) fL(0]) (i — a1’
+o((y — x})*)
PRACAIC AT +2(6p + (1= p)WL)) fL(0]) (@ —aty’

+o((] —x)%),
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where x' = (x, ¥,(x)) denotes the left contact point of W™ on IC"(v* + 1), and the second
inequality follows from (36) and (39). The second integral of (34) is

wr

(64) ~((p- DW|,=)t + 0(1) / S ) + L) (w — B7)) dw + (@] — x,)°)

= —(p- DW|,=) f, (W) 1(0], — x1) + 0((W] — x)*)
Wl (D7) — W ()

(g — xp)* + o((Wy — x5)°),

where (ag, aj) = Dw'|,, and the last equality follows from (26) because A, (t) = 121; - x; + agt.
Similarly, with A =0, the last integral of (32) is the sum of the following two integrals:

%
(65) / [(p(w —0}) + (1 — p)W, (W) (w — 7)

+ (1= p)W] (W) (w — wy)*/2) (f- (ig) + f1() (w — y)) | dw

+o((yh — )
= [,(@))p, (W)t

| B pW) +2p + (L= DL g
6 yS 8

+o((yh — i),

t

where y’ = (Vg 1If‘_(ysf)) denotes the right contact point of w” on IC/’(v* + 7), and

Ve
©66)  —((p-DWl)t+ (1) / (G0 + £1G]) (w — 7)) dw + 0 (¥, — ")
W () — W)

—_ . o~ AT _ AT\3 t_ ATN\3
=—(p - DW|)f-(Wp) 2a] — Vi (p)a) (¥ — wy)” + o((y, — wy)™).

Therefore, N*»(w", 0, t) is the sum of (63)-(66). (The second integral of (32) is nil.) Since
ﬁ); - xfg =A.(1) —agt and y; - ﬁ); =10+ agt, from Lemma A.6 this sum is calculated as
(67) N“ (W, 0, 1)
[ A = p)yWr(wg) +2(p + (1 — p)W(wp)) f7 ()
- 3
Wi (W) — W (W)
(aj — ¥/ (Wg)ay)

—(P'DvAthz:T)ff(ﬁJ;) ]Ar(t)3+0(/\7(t)3)'

Note here that, when 7 = 0, the coefficient of A.(¢)*, i.e., the formula in the big bracket
of (67), is f(,)B(W,) by (56) where B(w,) is defined in (60). Suppose B(wé’) # 0 as per the
condition (60). If B(wg) > 0, then B(w,) > 0 by continuity for W, sufficiently close to wg and
consequently, f(@,)B(i,) > 0 if f(ib,) > 0 which is the case for generic @, in proj((w", w)) by
Lemma A.S. In light of (67), this would mean that N*7(w, 0, t) > 0 for sufficiently small ¢ > 0,
i.e., an up-deviation at w = (W, ¥ (W,)) € (W", w) would be profitable for the principal for small
t > 0. This would contradict interim rationality of the passage distribution represented by f.
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If B(w[’;) < 0, by the same token as above, f(W,)B(w,) < 0 for generic w, in a small interval
(w;’, w,) C proj((w",w)), hence for such W, the coefficient of A,(f)* in (67) would be strictly
negative for sufficiently small 7 > 0. This is impossible because it would contradict (62) since
A:(t)3/1?2 — oo as t — 0 according to (26). Therefore, we established that a density f that sat-
isfies (56) cannot be supported as an equilibrium if (60) holds, provided that the condition (59)
also holds. (As mentioned before, we provided the analysis for the case that the derivative in (59)
is strictly positive; an analogous analysis applies for the other case.)

Finally, we complete the proof by showing that both (59) and (60) hold for  in an open and
dense subset of C* utility functions that show DARA. First we show this for (60). It is obvious
from continuity of B that if B(wi,’) # 0 for some u, then the same is true for utility functions in a
small neighborhood of u. This means that the set of utility functions for which (60) holds is open.
It remains to show that this set is dense, for which it suffices to show the following: if B(wg’) =0
for some u, one can find another utility function arbitrarily close to u, for which B(wg’) #0.

To show this, first note that by Taylor’s theorem u can be represented as

u//(cg)
2

u///(cg)

3!
where ¢, = wg’ — c" and R(c) is a function negligible relative to (c — ¢,)*. For a > 0 let £,(c) be a
C* function such that £,(c) = a for c € [¢, — a, ¢, + a] and £2,(c) =0 for ¢ ¢ [c, — 2a, ¢, + 24],
constructed in the manner explained in Spivak (1979, p. 43). Construct u,(c) by

u"(c,) 2 u"(cg) +£2,(c)
2 3!

It is clear from construction of (2, in Spivak (1979) that 2/ (c) and (2/(c) are bounded and,
therefore, u, is strictly concave and exhibits DARA for sufficiently small a > 0. Note further that
the derivatives (2,(c) of all order vanish for ¢ € [¢, — a, ¢, + a] and ¢ ¢ [c, — 2a, ¢, + 2a]. For
sufficiently small a > 0, therefore:

(1) u(c) = u,(c), u'(c) = u,(c), u'(c) = ul(c), and u”(c) = u(c) at c=c¢
¢ (wh, £), wl — c*(w", £), and w) — c*(w", £); and

(if) u(cg) = uq(cy), U'(cy) =u,(cg), u"(cg) = ul(c,), but u) (cg) = u"(cy) + a.

Since u and u, agree up to the second derivatives at ¢ = ¢, w} — c" (= ¢,), and wj — ", it
follows from the FOC (17) that ¢" is the optimal type for (w", k) under u,, i.e., when u, is the
agent’s utility function. Similarly, c*(w", £) is the optimal type for (w", £) under u,. Furthermore,
the expected payoffs from the passages (c", w", h) and (c*(w", £), w", £) are commonly v* un-
der u,. So the intersection of ICh(U*) and IC*(v*) under u, w", remains to be the intersection
point under u,,.

If B(wg) = 0 under u, however, B(wg’) # 0 under u, for sufficiently small a > 0, as we wanted
to show. To see this, we only need to focus on the terms of B(wg) that involve the third derivative
of the utility function evaluated at ¢, (because u and u, agree up to the second derivatives at all
relevant points and the third derivatives agree at all relevant points except ¢, ), which only appear
in p’(w;’) and are calculated as:

u(c) =u(cy) +u'(cg)(c—cg) + (c—cg)2+ (c—cg)3+R(c),

us(c) =u(cg) +u'(cy)(c—cg) + (c—cy) (c—cg)3+R(c).

h h h
:wb_c’

~p(p+ (1= )W (w)(2 = 3ey/ (wy) + ¢/ (we) ey (wy)

68 n .
(68) (= pyw (W) — Y, why — Trbyy? ()
Since
- e _u’(wé’—c”))
p+d-pw¥ (w,,,)—p<1 Wl =

and cl’;’(w;’) < 0 by Lemma A.1(c), the coefficient of u”(c") does not vanish. In addition, accord-
ing to (18), (19), and (23), this coefficient is expressed only in terms of the values of the utility
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function and its first and second derivatives at ¢ = ¢”, ¢,, and w} — c". Hence, this coefficient
assumes the same value under u and u, and, therefore, (68) differs under u and u, because
u"(cg) # u, (c,). Since B(wg’) differs under u and u, only in the terms involving the third deriv-
ative evaluated at c, as argued above, if B(wg’) vanishes under u, it does not under u,. This
establishes that the set of utility functions for which B(wg’) # 0 is dense, hence is a generic set
(together with the earlier assertion that it is open).

Proving that (59) holds for generic « is similar but involves a modification of fourth derivative.
Again, it is clear from continuity that the set of utility functions for which (59) holds is an open
set. To show it is dense, let u be a function under which (59) fails, and construct u, by

0,(0)
41

(€)= u(c) + (c—c)'.

By the same reasoning as before, the intersection of (04 (v*) and IC' (v*) under u, w", remains the
intersection point under u,. However, (59) holds under u, for sufficiently small a > 0. To see this,
we only need to focus on the terms on the left-hand side of (59) that involve the fourth derivative
of the utility function evaluated at ¢, by an analogous reason as before, which only appear in

d , .

EP;(U);) .

and are calculated as:

B agp(p+ 1 —p)P (wh)(2 -3y (wh) + ¢y (wh?) ey (wi) (1 — ¢y (wl))
(L= pu(Th) — (@, (wh) — ¥ (w))))?

(69) u®(cy),

where u™ () is the fourth derivative of the utility function. Since

u’(w;’ — c")) o

pra=pvd=p(1- 05
b

and cljj(wi}) < 0by Lemma A.1(c), the coefficient of u¥(c,) does not vanish. In addition, this co-
efficient assumes the same value under u and u, by the same reason as before. Hence, (69) differs
under u and u, because u®(c,) # ul® (c,). Since the value of the left-hand side of (59) differs
under u and under u, only in the terms that involve the fourth derivative evaluated at c, as ar-
gued above, if the left-hand side of (59) vanishes under u, it does not under u,. This establishes
that the set of utility functions for which (59) holds is dense, hence is a generic set (together with
the earlier assertion that it is open). Now the proof of Theorem 2 is complete because the set of
utility functions that satisfy (59) and (60) is a generic set as the intersection of two generic sets.

PROOF OF LEMMA A.6: First consider the case that a path {w'} converges to w from above.
Let x’ and y* denote the left and right contact points of w'. Applying Taylor’s theorem to ¥ and
I around x;,

W(w,) = W(x}) + W (xf) (wy — x}) + P (xp) (w, — x3)°/2+ 0((wg — x5)*)  and
Pt (W) = Prya (X)) + P () (W — x§) + b (xf) (wg — X3)°/2 + 0((wy — x§)7),

where o((w, — xi,)z) denotes a function that is negligible relative to (w, — x;,)z. Due to (22),
e () = W(wg) = (W (xf) = W (x)) (wy — x4)*/2+ 0((wg = x4)7).

Applying Taylor’s theorem analogously to ¥ and ¢, around yy,

Py (wg) — W(wy) = (P (vh) — V' (¥5)) (wy — )*/2+ 0((wg — y4)*).
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Since Py (wy) — V(wy) = thy (wg) — V(w,) at w, = w;, by construction,

(W () — W (x))A(2)? W) — V(A
2 2

Since x', y' — W as ¢ — 0, dividing both sides by A(¢)? leads us to conclude that

3 2 " Ly P (xt
<M> > 1im<—¢*’(xg) (xg)> =1 as 10
A1) =0\ gy () — ¥ (yp)

If the derivative Dw'|,—y = (a4, ay) € R? exists, w' = (w;, wy) is first-order approximated by
w. =W, + a,t + o,(t) for z =g, b, where o0,(¢) is a function negligible relative to ¢. Since
P (W) = wy = Wy + apt + 0,(t) and V(wy) = V(i) + V' (i, )a,t + o(¢) by Taylor’s theorem,
i (wy) — P(wy) = (ap — ¥’ (Wg)ag)t + o(t). Since this is also equal to the value of (70), we
deduce

(70) +oM(1)?) = +o(A()?).

; _(lp:’(x;)_q,ﬂ(x;,)) o(A()?) +& . (1/;;(x£,)—1[/~(x;)>
X122 \2(ay — V' (Wg)ag) A(1)? o A(1)? 2(ap — V' (Wy)ay) ’
which is a positive number due to Lemma A.2 because

(ag, ap) - DyV (W, e)

(1 — pHu (s — ¢y, (W)

ap —V'(Wg)a, =

by (7) and (19), and (a,, a;) - D,V (W, ) > 0 by supposition.

Next, consider the case that {w'} is a C? path that converges to w from below such that the
derivative DW' |,y = (a,, a;) satisfies (a,, a,) - DyV (W, e) < 0. Note that the utility level that the
¢ = c*(W, e)-type agent derives from w' is lower than v*, which we denote by o' < v*. Let @) (w,)
denote the implicit function that represents IC°(9/|¢), the interim indifference curve of the é-type
that goes through w', i.e.,

(71) u(@) + pru(wg — &) + (1 — p*)ulpe.n(wy) — ) —d(e) =1".
By Taylor’s theorem applied to ¥ and to ¢, around w,
W(wg) = W(w}) + V' (wp) (wg — wy)
+ W (wh) (wy —wh)?/2+ o((wy —w})?) and
Qe,n(wg) = <P(£v,t)(w,t;) + ‘P:z,t)(w;)(wg - w;t;)
+ @{e (W) (wy — w})?/2 4 o((wy — wh)?).
By construction, ¢ (w,) = ¥(w,) at w, = x; and y;:
(72) V(W) — @ (wh) = MO (V' (W) — @, (w)))
= MO (P (W) = @ (W})) /24 0(A(1)*)
and
(73) V(W) — @ (wh) = —A0) (W (wh) — ¢z ) (W}))
— MO (W (wh) — @l (W) 2+ 0(A()).
Note also that

(74) V(W) — @ (W) = W(w)) —wl = (¥ (iy)ay —a,)t + o1).
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We now show that (¥'(w;) — ¢/, I)(wi,)) is first-order approximated by a linear function of ¢.
By differentiating (71) with respect to w, and evaluating at w, = wj, we get

vt
o) =~
and, therefore,
d / !
E(go(g,,)(wg)) .
_ pel— pe)(u”(w; - é)%u’(w,’, —C) — u’(wfg —ou'(w, — é)d;—‘;f’)
((1 = po)u' (w), — ¢))? =0
dw},

pe(u' (g — &' (iby, — &)

|y — /(g — Oy — &) b| )

(1= pHuw' (y — &)

b
which is a finite number because {w'} is C2. Since

= q’”(wg)agv
t=0

d I (ot _i ;oA
E(lp(wg))’[:[)—dl(lp(wg—"_agt))

it follows that

d
(7 @) = eley )

t=0
is a constant, say 6. So, by Taylor’s theorem 1If’(w;) - gozé,[)(w;) =0t + o(1).
Finally, dividing the right-hand side of (72) and (74) by ¢, we get

A()?
2t
Since the right-hand side of (75) converges to W' (w,)a, — a, as t — 0, so must the left-hand side.
This is possible only if o(A(£)?)/t — 0 as ¢t — 0, for otherwise the second term of the left-hand

side would explode. Since A(f) — 0 and ¢ ,, (W) — lpz’w’e)(ﬁ)g) ast— 0,

Lo ) — WGy
A(1)? 2a, — W' (g )ay)

o(A(1)?) o(t)

(75) A(D)O+ ; =V (Wy)a, —a, + -

(e (W) = ¥ (wp) +

t— 0.

Since a, — W'(W,)a, < 0 by the supposition that (a,, a;) - DyV (W, e) < 0, this proves the sec-
ond convergence of (27). It is easily verified that #/A(f)? converges to the same limit by dividing

the right-hand side of (73) and (74) by ¢. Hence, it follows that A(t)/A(t) — 1, proving the first
convergence. Q.E.D.

PROOF OF LEMMA A.8: We prove the claim for f* (i) in the lemma. (The claim for f~(,)
is proved analogously.) By resetting the origin at i,, the proof amounts to showing

1 W a o PR —FM0)
(76) hmg./w,s]wdF (wy== if f (O)—lﬁl?ol 5 =

> aeR,.

If a =0, then lim;, + Ji0.6) @F" (w) = 0 by definition. Hence, the assertion of (76) follows be-
cause 0 < lim; o & 0.5y WAF" (w) <Tims 2 0.5 AF" () = 0.
Assume a > 0 below. From the supposition of (76), V7 > 0, 38(7) > 0 such that
F'(w) — F"(0)
< <
w

a7 a—rT1 a+71 Ywe(0,8(7)).
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Consider n equal partitions of the interval [0, 8] by points k6/n, k =0,1,...,n, for § < &(7).

Since
Fh<k5> — F"(0) =Fh<@> —Fh<7(k — DS) +Fh<7(k — 1)5> - F'(0),
n n n n

it follows that
78 Fr(k) — prdsiey (F"(£2) — F(0))/(£2) .
(78) F’(@)—F”(O) - (Fh(uc—nl) ) — Fh(O))/( (k— 1)5 k )
( (a—1k (a+1k )
€ -1, _1
(a+7)(k—1) (a—1)(k—1)

for 0 < 7 < a because

FW) F'(0) F'(4=D2y — Fh(0)

’ (k=1)8
n

a—-T7< <a+rT

=|$

by (77).

Since the interval on the right-hand side of (78) converges to a singleton set {1/(k — 1)} as
7} 0, for any n > 0, there is 7(n) > 0 such that the ratio on the left-hand side of (78) is within n
of 1/(k — 1) if 7 < 7(n). In particular, there is a sufficiently small 7, < 1/n? such that the ratio
on the left-hand side of (78) is within 1/n* of 1/(k — 1) if 7 < 7, and & < 8(7). Multiplying the
left-hand side of (78) by

F'(582) — F*(0)

(k—1)8

n

which is within 1/n? of a by (77), therefore, we get

R )l ()
(D))

for 6 < 6(r,). Since this holds for everyn=1,2, ...,

151?01é/[0’5]wdF”(w) 5,}3&; ( ( ) ((k n1)5>>
(o) 5)
JLH;( ()

( 1><n(n+l) n(n+1)2n+1) fl(fl-l-l))
lim =

2n? 6n* 2n4

I
=
=l
™=
=N

n—o00

2 .
Obtaining the reverse inequality analogously from the first inequality of (79), we deduce that

.1 " a
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